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PREFACE 

The c o n s t i t u t i o n  of t he  sur faces  and atmospheres of t h e  terrestrial  

p l a n e t s  can be i n f e r r e d  i n  part from t h e i r  diameters and albedos.  The 

au tho r ,  p rofessor  of  Astronomy a t  the  Univers i ty  of Texas and a 

consu l t an t  t o  RAND, has surveyed about a century  of  recorded observa- 

t i o n s  on t h e  diameters and albedos of t h e  terrestrial  p l ane t s ,  h a s  

considered t h e  methods used and the probable e r r o r s  i n  each series of  

observa t ions ,  and, by t h e  use of weighted means of t h e  b e s t  da t a ,  has  

a r r i v e d  a t  p re fe r r ed  va lues  fo r  the diameters ,  e l l i p t i c i t i e s  and 

spectral albedos of Merriiry, Venus and Hers, 

The work w a s  performed f o r  the Nat iona l  Aeronaut ics  and Space 

Adminis t ra t ion  under Cont rac t  NASr-21(04). 

are those  of t h e  au thor  and do not  n e c e s s a r i l y  r e f l e c t  t hose  of The 

RAND Corporation. 

The views and conclusions 
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ABSTRACT 

A cr i t ica l  examination i s  presented of t h e  diameters ,  e l l i p t i c i t i e s  

and s p e c t r a l  a lbedos of Mercury, Venus, and Mars derived by many 

observers  i n  t h e  course of t h e  past  100 years. The sys temat ic  and 

a c c i d e n t a l  e r r o r s  i n  t h e  var ious  methods are d iscussed ,  and t h e  r e s u l t s  

are weighted accordingly t o  produce b e s t  e s t ima tes  of t he  diameters ,  

e l l i p t i c i t i e s  and albedos f o r  t h e  th ree  p l ane t s .  A- 
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1. INTRODUCTION 

The geometric and photometric parameters of t h e  terrestrial 

p l a n e t s  are of b a s i c  importance for t h e  planning of many experiments 

i n  t h e  space-explorat ion program. 

Geometric parameters t o  be considered he re  involve t h e  e q u a t o r i a l  

diameter and e l l i p t i c i t y  of t he  v i s i b l e  su r face  (be it the  s o l i d  

su r face  or some more-or-less d e f i n i t e  cloud l eve l ) .  Photometric 

parameters involve t h e  v i s u a l  phase curve and albedo, t he  s p e c t r a l  

r e f l e c t i v i t y  curve and i n t e g r a l  (or rad iometr ic )  albedo, measuring 

the fracti.cn ef the salar-energy f1 i .1~  r e f l e c t e d  back t o  space. 

The diameters  of t h e  p l ane t s  could,  i n  p r i n c i p l e ,  be used fo r  

te rmina l  guidance of spacec ra f t  (if known wi th  s u f f i c i e n t  accuracy);  

a p rec i se  va lue  of t h e  diameter (and e l l i p t i c i t y )  i s  a l s o  requi red  t o  

compute the  mean dens i ty ,  su r f ace  g r a v i t y ,  and atmospheric escape 

v e l o c i t y  of a p l ane t ;  i t  may a l s o  be needed for  t h e  de r iva t ion  or  

i n t e r p r e t a t i o n  of atmospheric data  (e.g., fo r  Venus). The e l l i p t i c i t y ,  

i f  known accura t e ly ,  i s  important t o  tes t  models of t h e  dens i ty  d i s t r i -  

bu t ion  i n  t h e  globe and poss ib l e  departures  from h y d r o s t a t i c  equi l ibr ium 

(e.g., f o r  Mars). 

The luminosity and r e f l e c t i v i t y  of t h e  p l a n e t s  i n  ordinary 

v i s i b l e  l i g h t ,  i .e . ,  near  k = 0.55 p, i s  b a s i c  t o  a l l  o p t i c a l  observa- 

t i o n s ;  t he  stellar magnitude of t h e  d i s k  a t  f u l l  phase determines t h e  

maximum genera l  r e f l e c t i v i t y  o r  geometric a lbedo p of t he  p lane t  and, 

consequently,  i t s  su r face  br ightness  (luminance) i n  e i t h e r  convent ional  

photometric u n i t s  o r  i n  absolu te  energy u n i t s .  The phase func t ion  o r  

l a w  of v a r i a t i o n  of r e l a t i v e  luminosity wi th  phase angle  (sun-planet-  
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observer)  determines t h e  phase i n t e g r a l  q and, t he re fo re ,  t h e  s p h e r i c a l  

(or  physical)  a lbedo A = pq measuring t h e  f r a c t i o n  of t he  inc iden t  f l u x  

r e f l e c t e d  i n  a l l  d i r e c t i o n s  of space.  

The v a r i a t i o n s  of p and q as a func t ion  of wavelength must be 

known both for  t h e  planning of observa t ions  from space probes ou t s ide  

t h e  v i sua l  range and fo r  t he  important information they g ive  on t h e  

na tu re  of t h e  p l ane ta ry  su r faces  and atmospheres. 

t he  s p e c t r a l  r e f l e c t i v i t y  func t ion  A ( h )  weighted by t h e  s o l a r  s p e c t r a l  

energy d i s t r i b u t i o n  F(h) gives  t h e  rad iometr ic  a lbedo;  hence, t h e  

solar-energy f l u x  absorbed by t h e  p l a n e t ,  which i s  t h e  b a s i c  element 

of t h e  planetary energy balance fundamental t o  meteorologic  theory.  

A more prec ise  d e f i n i t i o n  of t hese  q u a n t i t i e s  follows. 

An i n t e g r a t i o n  of 
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2. GEOMETRIC PARAMETERS 

2.1. Apparent diameter 

The fundamental r e l a t i o n  between t h e  angular  apparent  diameter 

2U, t h e  l i n e a r  diameter 2 r, and the d i s t a n c e  A from t h e  observer t o  

t h e  cen te r  of a p l ane t  i s  

For a l l  p l ane t s  observed from t h e  ea r th ,  t h e  maximum apparent  diameter 

ha rd ly  ever  exceeds l ' ,  and t h e  approximate r e l a t i o n ,  

where p" = l / s i n  1" = 206,264.8 ..., may be used wi thout  s i g n i f i c a n t  

e r r o r  t o  g ive  0 i n  seconds of  arc. 

U = 0 = p" r / A i s  t h e  apparent  semi-diameter a t  u n i t  d i s t ance ,  a 

quan t i ty  o f t e n  used i n  ephemerides. 

When A = % = 1 astronomical  u n i t ,  

1 1 

2.2. E l l i p t i c i t y  

I n  genera l  t h e  c e n t r i f u g a l  force of r o t a t i o n  causes  a p lane t  t o  

be a sphero id  of r evo lu t ion  f l a t t e n e d  a t  t h e  poles .  I f  a, b are the  

e q u a t o r i a l  and po la r  r a d i i ,  t he  e l l i p t i c i t y  measured by 

a - b  b 
f 5 : -  = I - -  

a a 
(2 .3)  

-1 is o f t e n  expressed by i t s  r ec ip roca l  number f . 
value  of 0 

r a d i u s  a. For Mercury and probably fo r  Venus, t h e  very slow r o t a t i o n  

impl ies  f : 0; hawever, a t  l e a s t  i n  Mercury, t i d a l  a c t i o n  may w e l l  

have induced t r i a x i a l i t y ,  as i n  the moon, bu t  t h e  poss ib l e  d i f f e r e n c e s  

between t h e  t h r e e  axes are a t  present  undetec tab le .  

When f # 0, t h e  

given i n  t h e  t a b l e s  usua l ly  r e f e r s  t o  t h e  e q u a t o r i a l  
1 
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For a planet in hydrostatic equilibrium? the polar flattening f 
2 

depends on the ratio I/Mr , the ratio of the moment of inertia I of 
the planet about its polar axis to its mass M times its squared 

radius r. The relation is expressed by the Radau--Darwin formula 

(Darwin, 1876) : 
I 

(2.4) 
Mr2 3 

where 
5m 

- 2  ? 
I = -  

2f 

if 
3n 

m =  - 
G ~ T ~  

(2.5) 

(2.6) 

is the ratio of centrifugal force to gravity at the equator (G = the 

gravitational constant, p = the mean density, and T = the period of 

rotation of the planet). The two extreme theoretical cases are a 

planet whose mass is concentrated in a small central nucleus and for 

which f = 0.50 m, and a homogeneous planet for which f = 1.25 m. A 

value f > 1.25 m would require a decrease of density with increasing 

depth in the planet, which is, of course, impossible for a planet in 

hydrostatic equilibrium, but may not be impossible -- within limits -- 
if there are significant departures from such equilibrium, i.e., where 

uncompensated stresses are present in the crust or mantle. This case 

may be realized in Mars, whose observed optical value of f exceeds 

1.25 m (Subsection 8.3). 
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2.3. Ref rac t ion  co r rec t ion  

On an airless p lane t ,  such a s  t h e  moon and Mercury, t h e  apparent  

limb i s  determined by t h e  overlapping p r o f i l e s  of t h e  highlands and 

mountains and not  by a geometric re ference  su r face ,  such as t h e  

geoid.  

p l ane ta ry  diameter may, t he re fo re ,  be l a r g e r  than t h a t  of t h e  

r e fe rence  spheroid by some 5 t o  1 0  km. 

M 0.1 t o  0.2 per cent  fo r  Mercury, and M 0.1 per  cent  f o r  Mars. 

By analogy wi th  t h e  e a r t h  and t h e  moon, t h e  observed 

The r e l a t i v e  d i f f e rence  i s  

On a p l ane t  surrounded by a t r anspa ren t  atmosphere, t h e  apparent  

limb i s  def ined by t h e  r e f r a c t e d  image of p o i n t s  of t h e  su r face  

s l i g h t l y  beyond t h e  geometric edge (Fig. 1); t h e  d i f f e r e n c e  

2 A a = 2 (U - Q ) between apparent and t r u e  diameter is  given by t h e  

theory  of a s t r o n a n i c a l  r e f r a c t i o n  (Danjon, 1959) 
0 

= no ro  7 

o r  

(2.7) 

where n i s  t h e  r e f r a c t i v e  index a t  t h e  v i s i b l e  sur face .  For Ear th  0 
= 1.0003 (0' C, 1 a t m . )  and by Eq. (2.7) r - ro = 1.9 km. The 

r e l a t i v e  enlargement of t he  diameter i s  equal  t o  t h e  r e f r a c t i v i t y  of 

t h e  atmospheric gas a t  t h e  surface (Eq. 2.8). Remembering t h a t  

27 3 
P 7 (2.9) 

To n - 1  

no - 1 
- - - -  - 

T T PO 

i f  p is  measured i n  atmospheres, t h e  probable  va lue  of t h e  en larg ing  

f a c t o r  f o r  Mars and Venus, assuming p M 0.1 a t m .  and T M 230' K near  
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'//A ' T I T - - - -  - -  

/ 
I 

\ 

0 .-.-.-.- 
I 
I 

. 
I - -  
I 

Fig. 1 Enlargement of p lane tary  d i s k  by atmospheric r e f r a c t i o n  

Fig.  2 Phase angle  and phase de fec t  
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c r o s s  s e c t i o n  of t h e  spheroid whose plane makes a n  angle  i wi th  

t h e  tangent  plane.  

Both angles  can be r e a d i l y  computed when t h e  h e l i o c e n t r i c  rec- 

t angu la r  coord ina tes  of t h e  planet  and of t h e  observer  are knawn. 

For Mercury and Venus t h e  l a t i t u d e  of t h e  cen te r  i s  i r r e l e v a n t  s i n c e  

t h e  e l l i p t i c i t y  i s  presumed n e g l i g i b l e ;  f o r  Mars, t h e  celest ia l  

coord ina tes  of t h e  pole  are knuwn wi th  s u f f i c i e n t  accuracy 

(de Vaucouleurs, 1964), bu t  t h e  e l l i p t i c i t y  i s  unce r t a in  (Subsection 8.3). 

Except a t  exact opposi t ion,  t he  e q u a t o r i a l  diameter of Mars i s  

no t  d i r e c t l y  observable ,  and t h e  po la r  diameter i s  t h e  q u a n t i t y  most 

f r equen t ly  measured. The r e l a t i o n  between t h e  t r u e  p o l a r  diameter and 

t h e  pseudo po la r  diameter measured a long  t h e  l i n e  of cusps i s  r e a d i l y  

der ived  i n  terms of f 

po la r  a x i s  and t h e  l i n e  of  cusps (Trumpler, 1927). 

and of t h e  ang le  between t h e  p ro jec t ed  ' yo 

2.6. Conversion f a c t o r s  

Astronomical observa t ions  of t h e  p l a n e t s  g ive  d i r e c t l y  t h e  apparent  

diameter 2 a" 

2r i n  k i lometers  follows through Eq. (2.2) when the  va lue  of 4 i n  

phys ica l  u n i t s  i s  known. Conversely, t h e  g e o d e t i c a l l y  measured 

e q u a t o r i a l  r a d i u s  r of t h e  e a r t h  subtends a t  u n i t  as t ronomical  

d i s t a n c e  an ang le  TI 

sun. 

a t  u n i t  a s t ronan ica l  d i s t a n c e  q; t h e  l i n e a r  diameter 1 

1 

a' t he  mean hor i zon ta l  e q u a t o r i a l  p a r a l l a x  of t h e  

From r ecen t  determinat ions ( P e t t e n g i l l ,  e t  al.,  1962; Muhleman, 

e t  al. ,  1962) t h e  fol lcwing values w i l l  be  used h e r e :  

+ = 149,598,000 f 500: (m.e.)  km, 
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t h e  v i s i b l e  su r faces  (and a mixing r a t i o  CO /N 

A O/a x 0.35 x 10 

which i s  n e g l i g i b l e  fo r  most a p p l i c a t i o n s .  

1 /20  by volume), i s  2 2 =  
-4 , or  (r - r o )  % 0.2 km (Venus), and 0 .1  km (Mars) 

2.4. Atmospheric l a y e r s  

On a p l ane t  wi th  a cloudy or  hazy atmosphere, such as Venus, t h e  

apparent limb may not  r e f e r  t o  t h e  s u r f a c e  of t h e  s o l i d  globe, bu t  t o  

t h e  "top" of an atmospheric layer whose a l t i t u d e  above t h e  s o l i d  

s u r f a c e  may vary wi th  l a t i t u d e  and wavelength. Rough e s t ima tes  of 

t h i s  a l t i t u d e  fo r  Venus and Mars (Section 7 ,  8) are of t h e  order  of 

20 t o  40 km, or  about 0.5 per cen t .  

2.5. Phase de fec t  

When t h e  p l ane t  i s  no t  i n  exac t  oppos i t ion  w i t h  t h e  sun, t h e  

diameter i n  t h e  plane of sun-planet-observer (or i l l u m i n a t i o n  equa to r )  

i s  reduced by t h e  geometric phase d e f e c t  q (Fig. 2) g iven  by 

q / r  = 1 - cos i 9 (2. l o )  

where i i s  t h e  phase angle  S-P-0. The f r a c t i o n  of t h e  d i s k  i l l umina ted  

i s  

1 

2 
k = - (1 + cos i )  (2.11) 

The l i n e  of cusps o r  l i n e  perpendicular t o  t h e  d i r e c t i o n  of maximum 

phase defec t  does not  gene ra l ly  co ipc ide  wi th  t h e  p r o j e c t i o n  of t h e  

r o t a t i o n  a x i s .  The apparent o u t l i n e  of t h e  p l ane t  i s  then  composed 

of two ha l f  e l l i p s e s  (L,T):  t h e  limb (L) i s  t h e  i n t e r s e c t i o n  of t h e  

tangent  plane ( t o  t h e  ce les t ia l  sphere)  w i th  t h e  sphero id  corresponding 

t o  sane l a t i t u d e  yo of t h e  cen te r  of t h e  d i s k  (where t h e  observer i s  

a t  t h e  z e n i t h ) ;  t h e  te rmina tor  (T) i s  t h e  p r o j e c t i o n  of a c e n t r a l  
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r = 6,378.16 f 0.03: (m.e.) km, and 

rr = 8 I' 794 17 f O"OO0 05 (m.e.). 

1 

0 

The conversion factor from apparent angular diameter a t  unit 

astronomical distance to  linear diameter is  

1" = 725.272 f 0.002 (m.e.) km 
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3 .  PHOTOMETRIC UNITS 

3 . 1 .  Visual units 

The surface density of luminous flux or illumination E is 

expressed in luces (1 lux = 1 lumen m ) ;  a lux is the illumination -2 

produced at normal incidence by one unit of luminous intensity or 

4 candela" at a distance of one meter. Other units: 1 phot = 10 lux I '  

(1 cd at 1 cm); 1 foot-candle = 1 lumen per square foot = 10.764 lux. 

The "surface brightness" or luminance L is expressed in candelas 

per square centimeter; it is the luminous intensity per unit area of 

the emitting surface normal to the direction of observation. The 

luminance of a Lambert disk receiving an illumination of 1 phot is 

= l / n  = 0.318 cd = 1 Lambert. Other unit: 1 foot-Lambert L1 

= 1.076 x Lambert. 

A source of average luminance L and area dS (as projected on the 

plane normal to the direction of observation) has, by definition, an 

intensity d1 = L dS and produces at a distance A an illumination 

dE = dI/A2 = L dS/A2; but dS/A2 = du, is the solid angle subtended by 

dS at distance A; hence, the luminance can be expressed either as the 

intensity of the (projected) unit area of the source or as the 

illumination produced by the unit solid angle of the source. The 

second definition is especially useful when considering a luminous 

volume whose emitting surface is indefinite (e.g., the sky). 

3 . 2 .  Energy units 

The surface density of radiant-energy flux or irradiance E is e 
11 expressed in ergs per square centimeter per second (and per Angstrom 
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i 

-2 if it is in a specified narrow spectral range). 

7 -2 -1 -2  -1 1 
= 10 erg cm sec ; 1 cal cm min = - x 4.185 x lo7 = 

6.98 x 10 erg cm sec . 

Other units: 1 watt cm 

60 
5 -2 -1 

The radiance L of an emitting surface is the radiant intensity 

per unit area of the surface normal to the direction of observation; 

it is expressed in erg cm sec per steradian (and per Angstrom 

e 

-2 -1 11 

where required). 

thermal equilibrium with an irradiance of 1 watt cm is L = l/n 

= 0.318 w cm per steradian. 

The radiance of a perfect radiator (black body) in 

-2 
e 

-2 

- - - *  
3 magnitude systems 

The traditional system of visual stellar magnitudes m measures 
V 

the illumination E which determines the luminous flux Ip = E S 

entering a given optical system having an entrance pupil of area S. 

By definition, 

m = pl - 2.5 log E . (3.1) V 

The constant p the "stellar magnitude" of 1 lux, is not precisely 1' 

known and its definition as the magnitude of a star observed "at sea 

level in the zenith on a very clear day" (Fabry, 1924) was rather 

unsatisfactory on account of the fluctuations of atmospheric trans- 

mission. If it is defined in agreement with the more logical modern 

convention by the illumination at the limit of the atmosphere, an 

earlier discussion of a variety of determinations (de Vaucouleurs, 1954, 

pp. 328-331) may be revised as fo l lows:  
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5 comparison w i t h  sun: m = -26.81, E = 1.40 x 10 , 
V 

hl = 12.86, l ~ ' ~  E -13.95 

comparison wi th  moon: m = -12.74 + 0.24 = -12.50, E = 0.25, 
V 

hl -1.51, l ~ ' ~  e: -14.01 

comparison wi th  Vega: m 

hl = -14.46, l ~ ' ~  = -14.18. 

lii +O. 04 + 0.24 = +O. 28, 
V 

The r ev i s ion  takes  i n t o  account changes from t h e  o l d  i n t e r n a t i o n a l  

photovisual magnitude system t o  t h e  V system (see below), from t h e  

old i n t e r n a t i o n a l  candle  t o  t h e  candela ,  and makes allowance f o r  an  

average sea l e v e l  atmospheric absorp t ion  of 0.24 mag. The adopted 

va lue  

lJ'1 = -14.05 f 0.05: (p.e. 1 

i s  s t i l l  sub jec t  t o  a r a t h e r  l a rge  margin of  error. 

The unce r t a in ty  i s  of l i t t l e  consequence, s i n c e  only magnitude 

d i f fe rences  are measured i n  p r a c t i c e ,  and abso lu te  de te rmina t ions  

r e q u i r e  only a knowledge of t h e  photometric cons t an t s  fo r  t h e  sun 

(Subsection 3.5 below). I n  p r a c t i c e ,  t h e  ze ro  po in t  of t h e  V system 

i s  defined by t h e  mean magnitude of 10 primary s tandard  stars 

(Johnson, 1954). This  s y s t e m  rep laces  t h e  ear l ier  " i n t e r n a t i o n a l  

photovisual system" I P  

Polar  sequence; i n  t h e  mean V = I P  - 0.02. 
defined by stars of m = 8 t o  13 i n  t h e  North 

V V 

V 



-13- 

The luminance may be expressed in (visual) magnitudes per square 

second of arc (or square degree, or steradian), since stellar magnitude 

is a measure of illumination. (See Subsection 3.1) Since 1 cm subtends 

1" at a distance p" = 206,264.8 cm = 2,062.648 m, 1 cd cm corresponds 

to mrc = p1 + 5 log p" % 

-2 

-2 - 14.15 + 16.57 M + 2.4 mag sec . 
V 

3.4. Color indices and effective wavelenpths 

When detailed spectrophotometric data are not available, a rough 

indication of energy distribution is given by color indices -- the 
difference between magnitudes measured through two or more broad-band 

fiiters. By def in i t ion ,  
W 

where T (h )  Q (A) is the product of the spectral transmission function 

of the filter-and-optical system and the quantum efficiency function 

of the receiver defining the spectral region of the magnitude m. 

the standard photometric systems U, B, V, the magnitudes refer to broad 

bands in the ultraviolet, blue, and visual (yellow) ranges defined by 

specified filter + photocathode combinations (Johnson, 1954; Harris, 

1961). 

For 

The center of gravity of the area under the curve E(h) T (h)  Q (A) 

defines the effective (or more precisely the isophotic) wavelength he 

of a given source--filter--receiver combination; the effective wave- 

lengths of a number of common photometric systems for the solar radia- 

tion function E (A) are listed in Table l (de Vaucouleurs, 1960; 

Harris, 1%1). 

S 
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A "gray" o r  n e u t r a l  s c a t t e r e r  would have t h e  same color  i nd ices  

as t h e  source of i l l u m i n a t i o n ;  i n t r i n s i c  c o l o r ,  i . e . ,  s e l e c t i v e  

r e f l e c t i v i t y ,  i s  ind ica t ed  by t h e  p o s i t i v e  or nega t ive  "co lor  excess' '  

of t h e  body with r e spec t  t o  t h e  co lor  index of t h e  sun over t he  same 

s p e c t r a l  range. Most p l ane t s  have p o s i t i v e  co lor  excesses ,  i . e . ,  are 

"redder" than t h e  sun. Ear th  and Venus a t  l a r g e  phase ang le s  (when 

i n  crescent  phases) have s m a l l  nega t ive  co lor  excesses ,  i . e . ,  are 

b l u e r  than the  sun, mainly because of Rayleigh s c a t t e r i n g  i n  t h e i r  

atmospheres. 

I f  Es (h)/Es(V) i s  the  r e l a t i v e  s p e c t r a l  energy d i s t r i b u t i o n  

func t ion  o f  the  sun, normalized t o  X = h 

i s  t h e  color excess of a p l a n e t ,  t h e  r e l a t i v e  spec t ra l -energy  d i s t r i b u -  

t i o n  funct ion of t h e  p l ane t  i s  given,  i n  f i r s t  approximation, by 

and 6 C ( X )  = C ( h )  - C s ( A )  v '  

It would be necessary i n  a second approximation t o  a l low for  t h e  change 

of e f f e c t i v e  wavelength of t h e  f i l t e r  + r ece ive r  combination depending 

on the  s o u r c e  funct ion.  For in s t ance ,  h f o r  t he  B s y s t e m  v a r i e s  from 

approximately 0.44 p f o r  whi te  stars (B - V x 0) t o  0.46 p, f o r  red  

stars (B - V + 1 . 5 ) ;  t h e  range i s  smaller i n  t h e  U and V s y s t e m s  

wi th  t h e i r  smal le r  bandwidths. The e r r o r  i s  o f t e n  small enough t o  be 

neglec ted  and decreases  r a p i d l y  wi th  bandwidth M; i t  i s  completely 

e 

neg l ig ib l e  for  t h e  narrow bandwidths (M < 0.01 p) used i n  11 monochromatic" 

magnitude systems and i n  spectrophotometry.  I n  t h e  l a t t e r  case,  p rec i se  

allowance must be made f o r  t h e  e f f e c t  of even s l i g h t  d i f f e rences  between 
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t he  abso rp t ion  s p e c t r a  of t h e  sun r e f l e c t e d  by a p l ane t  and those  of 

t h e  comparison stars s i n c e  such d i f f e rences  may cause apparent  f l uc tua -  

t i o n s  i n  t h e  der ived  s p e c t r a l  energy curve of t h e  p l ane t  (Guerin, 1962). 
/ 

Except perhaps f o r  t h e  moon andMercury, t h e  s p e c t r a l  energy 

d i s t r i b u t i o n  of sun l igh t  selectively r e f l e c t e d  by a p l ane t  v a r i e s  wi th  

phase ang le  because of t h e  varying con t r ibu t ions  of t h e  su r face  and of 

t h e  atmosphere. Th i s  i s  measured by a phase dependence of t h e  co lor  

i n d i c e s ;  da t a  on t h i s  sub jec t  are s t i l l  scanty  and l imi t ed  mainly t o  t h e  

U - B and t h e  B - V ind ices .  

3.5. So la r  u n i t s  

The i l l u m i n a t i o n  produced by the  sun a t  u n i t  d i s t a n c e ,  sometimes 

c a l l e d  the  "luminous s o l a r  t ons t an t "  (Sharonov, 1936; de Vaucouleurs, 

1954, p. 329) i s ,  approximately 

5 4 E = 1.40 x 10 lux ( = 1.3 x 10 foot-candle)  , 
S 

and t h e  corresponding luminance of a Lambert d i s k  exposed t o  i t  i s  

-2 L1 = 4.5 cd cm ( = 14 Lamberts) . 
The energy f l u x  rece ived  f rom t h e  sun a t  u n i t  d i s t ance ,  or  "so lar  

constant ' '  (Allen, 1958), is very near ly  

or  

* -2 -1 E = 2.00 cal cm min 
S 

6 - 2  -1 -2 m 

E- (A) dh = 1.40 x 10 e r g  cm sec = 0.14 w c m  9 

0" 

and t h e  corresponding rad iance  of a b l ack  d i s k  i n  r a d i a t i v e  equi l ibr ium 

wi th  it is 
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m 
-1 Lo (A) dh = 34 e r g  s e c  deg-2 

0 

The v i s u a l  magnitude of t h e  sun (at u n i t  d i s t a n c e )  i s  s t i l l  

uncer ta in ,  perhaps by as much as 10 per  cen t  (or 0.1 mag.), and t h i s  

unce r t a in ty  w i l l  be r e f l e c t e d  i n  t h e  a lbedo  va lues .  Fran  several 

d i scuss ions  of c l a s s i c a l  and modern de te rmina t ions  (de Vaucouleurs, 

1954, p. 329; Harris, 1961, p. 275), 

m (V) = - 26.81 , 
S 

with  an es t imated  probable e r r o r  of 0.02 t o  0.03 mag. 

The co lor  i nd ices  of a star having t h e  same s p e c t r a l  t ype  G2 V 

as t h e  sun, are as follows (de Vaucouleurs, 1960; Harris, 1961): 

U t - V = + 0 . 6 3 , U - B = + 0 . 1 4 ,  B - V = + 0 . 6 3 , V - R = + 0 . 4 5 ,  

R - I = + 0.29. 

The spec t ra l -energy  d i s t r i b u t i o n  func t ion  of i n t e g r a t e d  s o l a r  

r a d i a t i o n  i s  known wi th  s u f f i c i e n t  accuracy fo r  t h e  problems of broad- 

band mul t i co lo r  photometry of t h e  p l ane t s .  

adapted from Al l en  (1955), are normalized t o  a s o l a r  cons tan t  of 

2.00 cal an min . Here and i n  F ig .  3, t h e  abso rp t ion  spectrum of 

t h e  sun i s  smoothed over an  e f f e c t i v e  bandwidth of 0.01 p. The 

normalization f a c t o r  corresponds very n e a r l y  t o  a s p e c t r a l  i r r a d i a n c e  

The va lues  i n  Table  2, 

-2  -1 

-2 -1 11 
Es (V) = 200 e r g  cm sec per Angstrom 

a t  t h e  e f f e c t i v e  wavelength A =I: 0.555 p. 
V 
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Fig. 3 Smoothed spectral energy distribution of solar radiation 
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By i n t e g r a t i o n  of E (h) ,  t h e  f r a c t i o n  
S 

E (A) dh  o s  

0 Es (A) dh 

ks (A) = m ( 3 . 4 )  

of t h e  energy r a d i a t e d  a t  wavelengths less than  h can be computed 

(Fig. 4 ) ;  i n  p a r t i c u l a r ,  

h a l f  t he  s o l a r  energy i s  i n  t h e  i n f r a r e d  r a d i a t i o n s  of X >  h 

Because the i n f r a r e d  albedos of t h e  p l a n e t s  are s t i l l  poorly known -- 

= 1 /2  fo r  A = As (1/2) = 0.715 p ;  i . e . ,  
kS 

(1/2).  
S 

or unknown -- t he  computation of t h e  r ad iomet r i c  (or i n t e g r a l )  a lbedos 

a r e  accordingly unce r t a in  (Subsection 12.3). 
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4 .  PHOTOMETRIC PARAMETERS 

4.1. Reduced magnitudes 

Let E be t h e  f l u x  dens i ty  (or " i l lumina t ion")  rece ived  ( in  a 
S 

given s p e c t r a l  range)  from t h e  sun a t  u n i t  as t ronomica l  d i s t ance ,  

E ( i )  the f l u x  dens i ty  rece ived  from t h e  p l ane t  when i t  i s  a t  d i s t a n c e  

R from the  sun and A from t h e  e a r t h ,  and i t h e  phase angle  sun-planet-  

s t a t i o n ,  By d e f i n i t i o n ,  t h e  r e l a t i o n  between t h e  corresponding 

apparent magnitudes m and m i s  
S 

E (i) 

I n  astronomical  p r a c t i c e ,  t h e  observed magnitudes are reduced t o  

some standard va lues  of R and A, u sua l ly  R A = 1, through t h e  inve r se -  

square l a w  

and 

ml (i) = m (i) - 5 log  R n . ( 4 . 3 )  

I n  p a r t i c u l a r ,  when i = 0 ( f u l l  phase),  

Th i s  s i t u a t i o n  R A = 1 wi th  i = 0 i s  a mathematical  f i c t i o n ;  some 

astronomers p r e f e r  t o  reduce t h e  d a t a  t o  t h e  p l ane ta ry  mean d i s t a n c e  

i f  R i s  t h e  semimajor a x i s  of t h e  a t  opposi t ion,  R& = Ro (Ro - l),  

o r b i t ,  which i s  phys ica l ly  observable  fo r  an  e x t e r i o r  p l ane t  such as 

0 



-21- 

RO 

Mars. For interior planets the data are reduced to R and 

again a fictitious situation for i = 0. 

R A 

re lat i on 

0 % = l ,  
The usual convention, 

The reduction constants in the 1, will be adopted here. 

0.387 1 

m (R A =  1) = m (Ro A$ - 5 log Ro % 1 

are as follows: 

(4.5) 

Mercury Venus Mars I 
- 

0.7233 1.5237 

Ro L+., I 0.3871 0.7 233 0.7 980 

-5 log Ro 2.061 0.703 0.490 I 
4.2. Phase functions 

The phase function is defined by 

and given by 

It measures the relative luminous intensity of the planet as a 

function of phase angle normalized to unity at full phase (for the 

same R A). The phase function may be represented by a plot of the 

reduced magnitude m (i) in rectangular coordinates or better by the 

diffusion indicatrix, a plot of T (i) in polar coordinates (Fig. 5 ) .  

1 
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c 
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L A M B E R T  

2 

Fig .  5 Phase curve of Lambert sphere 

@ ,(i) i n  p o l a r  coord ina tes  
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The mean relative luminance of the planet at phase i is 

where the illuminated fraction of the disk k is given by Eq. (2.11). 

the average luminance of the disk at full phase L (0) is taken as unity. 

Here 

4 . 3 .  Geometric albedo 

The geometric albedo 2 is the ratio of the average luminance 

of the planet at full phase (i = 0) to that of a perfectly diffusing 

surface (Lambert surface) at the same distance from the sun and 

normal to the incident radiation. It is also equal to the ratio of 

the luminous intensity of the planet at full phase to that of a 

Lambert disk of equal diameter normally illuminated and at the same 

distances R (to the sun) and A (to the observer). If r is the linear 

radius and CJ the angular semi-diameter of the planet at distance A, 

E (0) R2 2 2  

2 
E (0) R A 

P=- - = - (4.9) 
sin2 0 

S 
E K 

S 
E 

If 0 is the apparent semi-diameter at unit distance, and if we write 1 

(0), then Eqs. (4.11, (4.21, and (4.9) give mo = ml 

loglo p = 0.4 (ms - m o l  - 2 log 10 sin U' 1 (4.10) 

Here, U' is the radius of a circle having the same projected area 

as the planet's disk; for an observer in the equatorial plane of a 

1 

planet of ellipticity f, 
f 

0' 1 = u l l / l - f  z C J 1 ( 1 - - )  2 . (4.11) 
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For all terrestrial planets, 0; differs from Ol by less than 0.5 per 

cent. By substituting Eqs. (2.1) and (2.2) in Eq. (4. l o ) ,  

1 log p = 0.4 (ms - mo) - 2 log - 
P" 

Y (4.12) 

where 0'' is in seconds of arc and log p" = 5.314 425. 1 
The luminance of a Lambert disk illuminated by the sun at normal 

incidence and at unit astronomical distance is, by definition, 

E 
= s  

TT 
L1 (4.13) 

The averape luminance of a planet at full phase and distance R 

to the sun is, by Eqs. (4.9) and (4.13), 

L1 E (0) 

R2 n sin2 0 
L(O)=p - = (4.14) 

4.4. Phase integral and spherical albedo 

The spherical albedo (or Bond Albedo) A = p*q is the ratio of the 

total luminous flux (or quantity of light per unit time) reflected 

by a sphere in all directions to the total flux intercepted by it in 

a beam of parallel light. The phase integral q is, by definition, 

q =  [2TT ip (i) sin i di . (4.15) 
0 

If the phase law @ (i) is symmetrical with respect to the direction 

of incidence, 

q = 2 s" m (i) sin i di . (4.16) 
0 
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! 

This  assumption can always b e  made f o r  purposes of  computation, even 

i f  t h e  a c t u a l  phase l a w  i s  asymmetrical ( the  moon and Mercury), by 

cons ider ing  a mean phase l a w  

1 

2 
ip (i) = - C *  (i) + + (ZIT - i)] . (4.17) 

The phase i n t e g r a l  q i s  equal  t o  the volume i n s i d e  t h e  su r face  

generated by r o t a t i o n  about t h e  polar  a x i s  of t h e  phase curve 

@ (i) p l o t t e d  i n  po la r  coord ina tes  (Fig. 5). 

For an  i d e a l  sphere following Lambert 's  l a w  of s c a t t e r i n g  

where 8 i s  t h e  angle  of incidence,  t h e  phase func t ion  i s  

t 

I 

L =  L1 208 8 Y 

1 
ipo (i) = - [ s i n  i + (IT - i ) c o s  i] 

n 

and 

3 

q o =  2 

(4.18) 

(4.19) 

(4.20) 

Since  t h e  albedo of a p e r f e c t l y  s c a t t e r i n g  sphere i s ,  by d e f i n i t i o n ,  

A. = 1, it f o l l m s  t h a t  po = Ao/qo = 2/3 ; hence, t h e  average luminance 

of a Lambert sphere  a t  f u l l  phase and u n i t  as t ronomical  d i s t a n c e  from 
1 

t h e  sun i s  

2 2 E  ~~ 

= - 2. = 0.2122 E 
S 3 n  L1 Lo = - 

3 
(4.21) 

No real  p l ane t  obeys Lambert 's law, and depar tures  are o f t e n  l a r g e ;  

i n  genera l ,  

phase. 

(i) decreases  more r ap id ly  than  ip0 (i) away from f u l l  

This  i s  e s p e c i a l l y  t r u e  of p l a n e t s  wi thout  an  atmosphere 
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( the  moon and Mercury), f o r  which q 0 .5  t o  0.6;  p l a n e t s  w i t h  

atmospheres mars, Ear th ,  and Venus) have q Z 0.9 t o  1.1; and t h e  major 

p l a n e t s  ( J u p i t e r ,  Sa turn ,  e t c . )  may have q E 1.5 t o  1 . 7 .  For t h e  moon, 

Mercury, and Venus (and a l s o  fo r  Ear th  through observa t ions  of t h e  e a r t h -  

sh ine  on t h e  moon), @ (i) can be determined d i r e c t l y ;  f o r  Mars and a l l  

e x t e r i o r  p l a n e t s ,  only a s m a l l  range of phase ang le s  can be d i r e c t l y  

observed, and q must be  es t imated  by e x t r a p o l a t i o n  of t h e  phase curve. 

4.5. Russe l l  r u l e  

A s  noted by R u s s e l l  (1916), i f  p (i) i s  t h e  va lue  of p computed 

from E (i) i n s t e a d  of E (0) i n  Eq. (4.9),  t h e  a lbedo  may a l s o  be 

w r i t  t e n  

(4.22) 

According t o  Russe l l ,  t h e  second f a c t o r  i s  very  n e a r l y  a cons tan t  

q /@ (i) 2 2.20 ( t o  about f 5 per c e n t )  when i = 50° f o r  a l l  observed 

phase functions.  (It i s  2.12 fo r  Lamber t ' s . )  Hence, t h e  empi r i ca l  

formula 
2 2  E (50') R A 

2 (4.23) A Z 2.20 p (50') = 2.20 
r 

S 
E 

may be used t o  g ive  t h e  Russell-Bond a lbedo  when t h e  complete phase 

curve i s  not  known. More r e c e n t l y ,  Harris (1961) found q = 2.17 @ (50') 

from modern phase curves fo r  Mercury, Venus, Ea r th ,  and t h e  moon. 

Since no t h e o r e t i c a l  express ion  i s  a v a i l a b l e  t o  r ep resen t  t h e  

observed phase laws, it i s  customary t o  use  empi r i ca l  i n t e r p o l a t i o n  

formulae of t h e  form 

(4.24) 
3 + 5 l o g R A +  a i +  b i 2 +  c i = mo 
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where mo I ml (0). 

Ear th  i s  0 S i C 48’; t h e  c o e f f i c i e n t s  b ,  c cannot be der ived,  and 

i s  o f t e n  c a l l e d  t h e  phase c o e f f i c i e n t  (expressed i n  magnitude per  

deg ree ) ;  then,  by R u s s e l l ’ s  r u l e ,  

For Mars, t h e  range of phase angles  observable  from 

50 a = 2.20 ~ o - O . ~  > (4.25) 

or  

log q = 0.34242 - 20 a (4.26) 

4 . 6 .  Radiometric a lbedo 

Monochromatic observa t ions  of m (hj and m (A) give  t h e  
S 

s p e c t r a l  r e f l e c t i v i t y  func t ion  p (k) and t h e  s p e c t r a l  v a r i a t i o n  of 

t h e  phase i n t e g r a l  q (A) ; hence, t h e  s p e c t r a l  a lbedo A (A) = p(X) q(h) .  

I f  E (A) i s  t h e  s p e c t r a l  energy d i s t r i b u t i o n  func t ion  of 

s o l a r  r a d i a t i o n ,  t he  i n t e g r a l  geometric a lbedo f o r  t h e  t o t a l  s o l a r  

S 

CD 
r a d i a t i o n  i s  def ined by 

and 

The rad iometr ic  or  i n t e g r a l  sphe r i ca l  albedo, 

(4.27) 

(4.28) 

(4.29) 

i s  t h e  fundamental quan t i ty  of t h e o r e t i c a l  meteorology; i t  determines 
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* 
t h e  f r ac t ion  (1 - A ) of t h e  inc iden t  s o l a r  energy absorbed by t h e  

p l ane t  (surface and atmosphere). The t o t a l  s o l a r  energy f l u x  absorbed 

by t h e  planet  i s  

* E* 
F*= ( i - ~ ) n r ~  s 

R 2  
, 

* E* 
F*= ( i - ~ ) n r ~  s 

R 2  
, (4.30) 

* -2 -1 where E i s  t h e  terrestrial  s o l a r  cons tan t  ( i n  e r g  cm sec ), r t h e  

planetary r ad ius  ( in  an), and R t h e  d i s t ance  t o  t h e  sun ( i n  as t ronomical  

u n i t s ) .  Computation of t h e  i n t e g r a l s  i n  Eqs. (4.27) and (4.28) 

r equ i r e s  t h e  values  of p (A) and q ( A ) ;  t h e s e  a r e  s t i l l  o f t e n  unknown, 

e spec ia l ly  i n  t h e  i n f r a r e d  which con t r ibu te s  about h a l f  t h e  s o l a r  

r a d i a n t  energy (Subsection 3.5). The assumption, o f t e n  made i n  t h e  p a s t ,  

* N  

t h a t  p - 

Av - 
t h e  same co lo r  as t h e  sun ) ;  it i s  i n c o r r e c t  f o r  a l l  real p l ane t s ,  

and t h e  e r r o r  i s  e s p e c i a l l y  l a rge  (almost 100 per c e n t )  for  a s t rong ly  

co lored  p lane t  such as Mars (Subsection 12.3) 

S 

where V r e f e r s  t o  t h e  v i s u a l  e f f e c t i v e  wavelength PV, 
N 0.555~, i s  c o r r e c t  only fo r  a "gray" p lane t  ( i .e. ,  one having 

4.7. Spec t r a l  i r r a d i a n c e  

The monochromatic energy f lux  dens i ty  or  s p e c t r a l  i r r a d i a n c e  

received a p lane t  a t  u n i t  d i s t a n c e  (R A = 1) and f u l l  phase 

(i = 0') i s  given by 

log EO(X) = log  E (A) + 0.4 [ms(A) - mo(k)] = log Es(A)  K (A) . (4.31) 
S 

It i s  convenient t o  normalize t h i s  quan t i ty  t o  the  v i s u a l  e f f e c t i v e  

wavelength, kv = 0.555 p. 

(4.32) 
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-1 A-l (cf .  Subsec i o n  3 . 5 ) ,  and as above 

E P E (i = 0, R A = 1). Then, a t  any o ther  wavelength 0 

A t  o ther  phases and d i s t ances ,  t h e  s p e c t r a l  i r r a d i a n c e  a t  h i s  
V 

and at  o ther  wavelengths 

I f  a p l ane t  is  observed through an o p t i c a l  system of ape r tu re  

area S, foca l  length F, and t ransmission f a c t o r  T(A),  t he  energy 

f l u x  inc iden t  i n  the  image i s  

- ~~ 

( 4 . 3 3 )  

(4 .34  

( 4 . 3 5 )  

( 4 . 3 6 )  

and t h e  average energy f l u x  per  un i t  a r e a  of t h e  image ( i r r ad iance )  i s  

where k (i), t h e  i l lumina ted  f r ac t ion  of t h e  d i sk ,  i s  given by Eq. (2.11). 

It is  assumed t h a t  Q i s  small enough t o  use  t h e  approximation (2.1). 

The energy a v a i l a b l e  t o  a r ece ive r  of q u a n t m  e f f i c i e n c y  Q (A) follows 

by m u l t i p l i c a t i o n  of t he  integrands through Q(X) i n  Eqs. ( 4 . 3 6 )  and 

(4.37). 
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5. APPARENT DIAMETER MEASUREMENTS 

The apparent diameters of p l ane t s  are no to r ious ly  d i f f i c u l t  t o  

measure; published va lues  f o r  t he  apparent  diameters  a t  u n i t  d i s t a n c e  

vary from l e s s  than 6" t o  more than 7" f o r  Mercury; from 16"6 or less 

t o  17"6 or more for  Venus; from under 9"O t o  over 9"6 fo r  Mars. A 

c o r r e c t  i n t e r p r e t a t i o n  of such measurements r e q u i r e s  some understanding 

of t h e  methods used, observa t iona l  d i f f i c u l t i e s  and sys temat ic  e r r o r s .  

5.1. F i l a r  micrometer 

Two f i n e  wires can be moved by a p r e c i s i o n  screw i n  t h e  foca l  

plane of a te lescope  u n t i l  they appear tangent  t o  t h e  oppos i te  limbs 

of t h e  p l a n e t ' s  d i s k  or  are judged by t h e  eye t o  be spaced by a d i s t a n c e  

equal  t o  t h e  p l a n e t ' s  diameter.  Because of t h e  uns teadiness  of 

t e l e scop ic  images due t o  atmospheric tu rbulence  ("seeing"), i r r e g u l a r  

r e f r a c t i o n s ,  errat ic  t e l e scope  d r i v e  and o ther  causes of i n s t a b i l i t y  

(e.g., wind), t ak ing  f i l a r  micrometer measurements has  been a p t l y  

compared t o  shoot ing  a t  an  eggshe l l  f l o a t i n g  on a water j e t .  Even 

under t h e  b e s t  c i rcumstances , i t  i s  very  d i f f i c u l t  t o  d e f i n e  what i t  

i s  t h a t  t h e  observer measures; w i r e s  can be set  tangent  i n t e r n a l l y  or  

ex te rna l ly  t o  t h e  d i s k  and a c o r r e c t i o n  app l i ed  f o r  t h e  th ickness  of 

t h e  wires (of ten ranging from O " 1  t o  l " ) ,  or  t h e  wires may be set  t o  

b i s e c t  the  edge, an opera t ion  t h a t  r e q u i r e s  cons iderable  judgment. 

(a) Bright  d i sk .  The observer  never s ees  a p e r f e c t l y  

sha rp  image of t h e  objec t  bu t  a kind of o p t i c a l  "ghost," which always 

s i g n i f i c a n t l y  s u f f e r s  from such d i s t o r t i o n s  as d i f f r a c t i o n ,  chromatic 

abe r ra t ion ,  and a b e r r a t i o n s  of t h e  eye,  notably i r r a d i a t i o n  and 

ast igmation.  A l l  t hese  e f f e c t s  combine t o  r ep lace  t h e  " rec tangular"  
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photometr ic  p r o f i l e  of even an idea l  f l a t  d i s k  of uniform luminance 

by a smoothed d i s t r i b u t i o n  w i t h  i n d e f i n i t e  edges such as i n  Fig.  6. 

There i s  no way of knowing exactly where t h e  obse rve r ' s  eye--brain 

system w i l l  set t h e  apparent  edge of t h i s  continuous d i s t r i b u t i o n ,  

whether near  AA', or  BB', o r  CC' .  It i s  o f t e n  assumed, w i th  some 

support  from labora tory  experiments, t h a t  t h e  apparent  edge i s  a t  or 

near  t h e  poin t  of maximum s lope ,  which f o r  a l a r g e  enough d i s k  i s  c l o s e  

t o  t h e  geometric edge, but  t h i s  i s  not n e c e s s a r i l y  s o  i n  a l l  circum- 

s t ances .  The p o s i t i o n  of t h e  apparent edge depends very much on t h e  

b r igh tness  of t h e  surrounding f i e l d ;  i n  t h e  case of  a dark f i e l d  

around a b r i g h t  p l ane t  observed a t  n igh t ,  t h e  edge i s  l i k e l y  t o  be 

near  AA',  as l i g h t  w i l l  be  seen s p i l l i n g  Over t h e  geometric edge under 

such circumstances,  and the  b r igh te r  t h e  p l ane t  t h e  g r e a t e r  t h i s  

" i r r a d i a t i o n "  e f f e c t .  For ins tance ,  observa t ions  of Venus by Barnard 

(1902) wi th  t h e  Yerkes 40-inch r e f r a c t o r  gave f o r  t h e  reduced diameter 

17"39 (5 n i g h t s ,  no f i l t e r )  and 17"14 (8 days, amber f i l t e r ) ,  o r  a 

d i f f e r e n t i a l  i r r a d i a t i o n  e r r o r  W (night  minus day) = + O"25. For a 

p l ane t  of such high luminance as Venus, which i s  some 10 t o  50 t i m e s  

b r i g h t e r  than t h e  daytime sky, t h e  r e s i d u a l  daytime i r r a d i a t i o n  may 

be  e a s i l y  of t h e  same order  of magnitude. 

s u r f a c e  b r igh tness  such as Mercury and, e s p e c i a l l y ,  Mars t h e  apparent  

edge of t h e  image i s  more l i k e l y  t o  be  near  CC' f o r  daytime observa- 

t i o n s ,  and t h e  measured apparent  diameter w i l l  be t o o  small. 

example, Campbell (1895), observing Mars through a y e l l o w  f i l t e r  

wi th  the  Lick 36-inch r e f r a c t o r  (aper ture  stopped t o  about 15  i n .  by 

a diaphragm), noted t h a t  measures made a t  n igh t  are O"3 t o  O"6 g r e a t e r  

t han  measures made a f t e r  s u n r i s e ;  l ikewise,Lowell  (1895, 1896) 

For a p l ane t  of lower 

For 
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Fig. 6 Photometric prof i l e  of d i f fract ion 

image of uniform bright disk 

I r--- 
I 

0 

Fig. 7 Photometric prof i le  of d i f fract ion 

image of dark disk 
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es t imated  i r r a d i a t i o n  a t  O"3 for  the e q u a t o r i a l  diameter of Mars, and 

O"6 f o r  t h e  po la r  diameter when the  b r i g h t  po lar  caps are present .  

Other estimates are O"53 (Kaiser, 1872) and O"76 (See, 1901). 

(b) Black disk.  I f  t h e  p l ane t  appears as a b lack  d i s k  on 

a b r i g h t  background, as Mercury and Venus i n  t r a n s i t ,  t he  photometric 

p r o f i l e  i s  reversed  as i n  Fig.  7 ;  t he  p l ane t  appears  as a b lack  core  

surrounded by a fuzzy penumbra, and whether t h e  apparent  edge w i l l  be 

i n  AA', o r  BB', o r  C C ' ,  depends, i n  an  unpredic tab le  manner, on t h e  

p a r t i c u l a r  combination of observing circumstances -- atmospheric 

see ing ,  t e l e s c o p i c  ape r tu re ,  magnif icat ion,  observer ,  etc. Experience, 

however, gene ra l ly  shows t h a t  t h e  apparent edge i s  l i k e l y  t o  be 

nea re r  CC ' ,  s i n c e  the  observer apparent ly  n o t i c e s  more r e a d i l y  t h e  

p o s i t i v e  e f f e c t  of sun l igh t  encroaching on the  dark spot  than t h e  

nega t ive  e f f e c t  of l i g h t  deple t ion  around t h e  dark spot .  The e f f e c t  

i s  e s p e c i a l l y  l a r g e  during s o l a r  t r a n s i t s ,  because bad see ing  i s  

preva len t  i n  daytime, p a r t i c u l a r l y  as t h e  t e l e scope  i s  poin t ing  

s t r a i g h t  a t  t h e  sun and t h e  te lescope ape r tu re  i s  o f t e n  s t rong ly  

diaphragmed t o  prevent excessive heat ing,  which causes d i f f r a c t i o n  

e f f e c t s  t o  be correspondingly increased. For in s t ance ,  Campbell (1895) 

took 32 f i l a r  micrometer measurements of Mercury wi th  t h e  Lick 36-inch 

r e f r a c t o r ,  stopped t o  8 inches,  during t h e  t r a n s i t  of 1894. H e  

der ived  a mean diameter of 8"468 f O"012, corresponding t o  S"726 

f O"008 a t  u n i t  d i s tance ,  which i s  probably as much as 1" t o o  small 

(i.e.,  t h e  apparent  diameter was measured as much as l"5 too  small, a n  

e r r o r  of 18 per cent) .  

diameter of 6"04 from micrometer measures wi th  t h e  Lick 12-inch 

r e f r a c t o r ,  diaphragmed t o  4 inches,  during t h e  t r a n s i t  of 1891when 

S imi l a r ly  Barnard (1895) der ived  a reduced 
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t h e  seeing w a s  poor. From measures wi th  t h e  same instrument ,  stopped 

t o  5 and 6 inches ,  dur ing  the  t r a n s i t  of 1894 when the  see ing  was  good, 

he derived a reduced diameter of 6"22, which i s  s t i l l  about O"5 too  

small, an e r r o r  of 9 per cent .  It i s  c l e a r  t h a t  i n  such cases  t h e  

observer measures t h e  dark core  C C '  of t h e  image (Fig. 7) .  The 

apparent edge of t h i s  core  i s  i t s e l f  poorly def ined  and depends among 

o the r  things on magnifying power; fo r  i n s t ance  a new reduc t ion  of 

Barnard 's  observa t ions  of 1891 and 1894 d i s c l o s e s  a sys temat ic  

d i f f e rence  between apparent diameters measured wi th  high magnif ica-  

t i o n  (x 500) and low magni f ica t ions  (x 150, x 175),  2 80 (H - L)  

= + O"355 (1891) and + O"405 (1894) o r  nea r ly  4 per c e n t ;  t h e  t o t a l  

range of t h e  reduced diameter 2 0 i s  from 5"98 f O"04: p.e. (1891, 1 

low power, poor see ing )  t o  6"29 f O"03 p.e. (1894, h igh  power, good 

see ing) .  

There are a l s o  cons iderable  sys temat ic  d i f f e rences  (or "personal  

equation") between observers  i n  l o c a t i n g  t h e  edge of t h e  image; fo r  

ins tance  during t h e  t r a n s i t  of Mercury of 1914 (Jonckheere, 1914) numerous 

f i l a r  micrometer measurements of t he  apparent  diameter by s e v e r a l  

observers w i th  t h e  Greenwich Observatory 28-inch r e f r a c t o r ,  stopped t o  

15 and 20 inches ,  under good see ing  cond i t ions ,  vary sys t ema t i ca l ly  

from 9"38 * O"03 m.e. (154 meas.) t o  9"74 f O"04 m.e. (132 meas.), a 

3.8 per  cent  change. 

t h e  reduced diameters  vary from 6"33 t o  6"56. 

Although a l l  observing condi t ions  were t h e  same, 

(c) Contacts.  A similar e f f e c t  a p p l i e s  t o  diameters  der ived 

from timing t h e  apparent  con tac t s  of t h e  s u n ' s  edge wi th  t h e  limbs of 

Mercury or Venus. 

photometric p r o f i l e  AB .... G ,  which becomes A ' B '  .... G '  when t h e  p lane t  

The geometric p r o f i l e  i s  rep laced  by t h e  smoothed 
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approaches t h e  s u n ' s  limb up. I n  t h e  reg ion  of depressed luminosi ty  

near  G',where images of t h e  sun and t h e  p l ane t  limbs over lap ,  t h e  

"black drop" e f f e c t  i s  observed (Fig. 8). The apparent  con tac t  i s  t h e  

p rogres s ive  and i n d e f i n i t e  merging of two penumbral zones whose t iming 

becomes sub jec t  t o  much a r b i t r a r i n e s s .  For in s t ance ,  Innes (1925), 

d i scuss ing  a l l  observa t ions  of transits of Mercury from 1677 t o  1924, 

found a slow s e c u l a r  i n c r e a s e  i n  the der ived  apparent  diameter a t  

u n i t  d i s t a n c e  : 

Epoch 1677--1756 1769--1802 1822--1848 1861--1881 1891--1924 

6" 02 6" 06 6"lO 6" 14 6"16 201 

There w a s  a simultaneous decrease of t h e  s u n ' s  diameter der ived  

f r a n  t h e  same data .  These v a r i a t i o n s  are c l e a r l y  an e f f e c t  of t h e  

slow decrease of ins t rumenta l  a b e r r a t i o n s  as t e l e s c o p i c  equipnent 

improved, but even modern d a t a  a r e  f a r  from f r e e  of a b e r r a t i o n  and a 

I '  present"  va lue  of 6"2 ex t r apo la t ion  from Innes '  d a t a  i s  s t i l l  c e r t a i n l y  

too  small. 

from an a n a l y s i s  of 16 t r a n s i t s  between 1799 and 1927, whi le  Clemence 

and Whit taker  (1942) deduced a diameter of 6"41 from 32 observa t ions  

of t h e  t r a n s i t  of 1940. 

For i n s t a n c e ,  W i l l i a m s  (1939) der ived  a diameter of 6"30 

5.2. I r r a d i a t i o n  c o r r e c t i o n  

The c l a s s i c a l  approach t o  the  c o r r e c t i o n  of measures f o r  " i r r a d i a -  

t i on"  i s  not  s a t i s f a c t o r y  and occas iona l ly  l eads  t o  va lues  even more 

g ross ly  i n  e r r o r  than t h e  uncorrected d a t a .  

t h e  i r r a d i a t i o n  e r r o r  i s  a constant c and t h a t  t h e  observed va lue  can 

be expressed by 

The assumption i s  t h a t  

1 a 
a = - + c  n (5.1) 
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Fig. 8 Photometric profile of Mercury or 

Venus near contact during transits 
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T h i s  e r r o r  model f a i l s  because t h e  sys temat ic  e r r o r s  are no t  cons tan t  

and vary  not  only wi th  t h e  changing luminance of t h e  sky background wi th  

phase angle ,  bu t  a l s o  ( for  t h e  i n t e r i o r  p l ane t s )  w i th  t h e  v a r i a b l e  s i z e  

and shape of t h e  p lane tary  disk.  Thus, f o r  Mars, which is observed a t  

n i g h t  near  oppos i t ion ,  i n  t h e  t w i l i g h t  near  quadra tures  and i n  day- 

t i m e  a t  smaller e longa t ions ,  no t  only do n igh t t ime  observa t ions  

uncorrec ted  for i r r a d i a t i o n  g ive  reduced e q u a t o r i a l  diameters  i n  t h e  

range 9"6 t o  9"7 which are clearly t o o  l a r g e  (Campbell, 1892, 1895; 

Barnard,  1897), bu t  a t rea tment  of both daytime and n ight t ime observa- 

t i o n s  through Eq. (5.1) leads  t o  values  of t h e  po la r  diameter i n  t h e  

range 9"4 t o  9"6 which are s t i l l  too l a r g e  (Wirtz,  1912; Rabe, 1928). 

S i m i l a r l y  a p l o t  (Fig. 9) of  t h e  measured apparent  diameter of 

Venus reduced t o  u n i t  d i s t ance  by simple d i s t a n c e  sca l ing ,  i.e., 

2 3  = 2UA = dl, shows a sys temat ic  t r e n d  which c l e a r l y  does no t  obey 

Eq. (5.1). For most observers  t h e  reduced va lue  dl of 2U inc reases  

from d 

when d % 35" near  qua r t e r  phases;  then  it o f t e n  decreases  t o  d 

when d Fz: 50" t o  60" i n  t h e  narrow r i n g  phases. This  t r e n d  i s  present  

i n  measurements made wi th  both f i l a r  micrometers (Drew, Rabe, Danjon) 

and double-image micrometers (Kaiser, Muller) .  It i s  clear t h a t  i f  

observa t ions  wi th  d < 30" t o  40" only are f i t t e d  by Eq. (5.1), t h e  

r e s u l t  w i l l  be  a g ross ly  over-corrected reduced diameter i n  excess of 

17"O and o f t e n  i n  t h e  range 17"2 t o  17"6. 

n e a r l y  cons tan t  and it may even show an oppos i te  t r end  (see F ig .  9 ,  

Wirtz).  The overs impl i f ied  e r r o r  model expressed by Eq. (5.1) i s ,  

t h e r e f o r e ,  no t  appl icable .  

1 

16"6 when d M 10" near  f u l l  phase t o  a maximum of d 17"l 1" 1"  

16"9 1" 

Occas iona l ly  d i s  more 1 
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Fig. 9 Systematic errors in micrometer 

measurements of Venus 
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5.3. Limb darkening 

Apart from irregular sur face or atmospheric markings, the 

luminance of planetary disks is not uniform. The limb may be 

either brighter or darker than the center of the disk. Planets with 

a scattering and absorbing atmosphere, such as Venus and Mars, show 

limb darkening at the longer wavelengths ( h  > 0.5 p) and, at least 

for Mars, limb brightening at the shorter wavelengths ( h  C 0.5 p). 

Planets without an atmosphere such as the moon and Mercury may be more 

or less uniform up to the limb. 

on diameter measurements with both filar and double-image micrometers. 

The photometric profile along a diameter affected by both limb 

darkening and optical aberrations is as in Fig. 10. 

disk, the half intensity points BB' are now inside the geometric edge and 

the diameter BB' measured with a double image micrometer will be smaller 

than the geometric diameter DD'. 

probably responsible for the usually small diameter values of Venus and Mars 

measured with double-image micrometers in daytime near superior conjunction; 

for example, Kaiser (1872) observing with an 8-inch refractor at Leiden under 

bad seeing conditions derived for Venus a mean reduced diameter of 16"20 from 

10 days of double-image measurements near the superior conjunction of 

1862, when the apparent diameter of Venus was about lO"5, and of 

16"31 from 11 days in 1865 when the apparent diameter was about 13"5 

(Fig. 9 ) .  

too small. The error is smaller when the seeing conditions are 

better. In filar micrometer measurements where irradiation compensates 

in part for the effect of the limb darkening the error is also smaller; 

for example, other measurements of Venus near superior conjunction, 

Limb darkening has a serious effect 

Even for a large 

This effect together with bad seeing is 

These values are about O"5 to O"6 or 3.0 to 3.5 per cent 
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Fig. 10 Photometric p r o f i l e  of b r i g h t  d i s k  a f f e c t e d  

by limb darkening and o p t i c a l  a b e r r a t i o n s  

2d- - - -d 
I 
I 
I 

I------ 
I 
I 
I 

Fig .  11 Geometric and photometric p r i n c i p l e  of double- 

image measurements of diameter of p l ane ta ry  d i sk  
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when t h e  apparent  diameter w a s  about ll", gave va lues  f o r  t h e  reduced 

diameter ranging from 16"6 t o  16"8 Q a b l e  3) and averaging 16"66, which 

i s  s t i l l  about O"2 o r  1.2 per  cent  t o o  small. 

S imi l a r ly ,  measurements of the po la r  diameter of t h e  f a i n t  d i s k  of 

Mars observed i n  daytime near  super ior  conjunct ion r e s u l t  i n  va lues  

ranging  from 9"OO m u l l e r ,  double image, 6-inch St rasbourg  i n  1937--38, 

d w 4" t o  6"5) t o  9"22 (See, f i l a r  micrometer, 26-inch Washington 

i n  1901, d 6"), which are from O " 1  t o  O"3 t o o  small, o r  from 

1.0 t o  3.5 per  cent .  

5.4. Double-imape micrometer 

Two i d e n t i c a l  images, A and B, are produced i n  t h e  f o c a l  p lane  of 

t h e  t e l e scope ;  they can be moved with r e spec t  t o  each o the r  by a 

p rec i s ion  screw u n t i l  t h e i r  opposi te  limbs appear t o  b e  i n  con tac t  

f i r s t  i n  p o s i t i o n  1, then i n  pos i t i on  2 (Fig. 11). The displacement 

i s  equal  t o  twice t h e  common diameter of t h e  images. The image may 

be s p l i t  by means of a hel iometer ,  i n  which t h e  two ha lves  of a n  

o b j e c t i v e  s l i d e  a g a i n s t  each o ther ,  o r  by a v a r i e t y  of b i r e f r i n g e n t  

prism systems s l i d i n g  e i t h e r  along the  o p t i c  a x i s  or  ac ross  it. The 

observer  judges t h a t  contac t  i s  e s t ab l i shed  when n e i t h e r  a dark space,  

nor a b r i g h t e r  over lap  reg ion  e x i s t s  between the  two images; a t  t h i s  

moment t h e  sum of t h e  complementary photometric p r o f i l e s  of t h e  

oppos i te  limbs i s  equal  t o  the  constant  luminance of each image 

assumed uniform. Th i s  i s  a s e n s i t i v e  c r i t e r i o n  because t h e  reg ion  of 

g r e a t e s t  s l o p e  of t h e  photometric p r o f i l e  occurs  near  t h e  h a l f - i n t e n s i t y  

p o i n t s  B, B '  (Fig. 12). However, t h e  s imple assumption t h a t  t h e s e  p o i n t s  

co inc ide  wi th  t h e  geometric edge of t h e  image i s  t r u e  only f o r  very  

l a r g e  zones o r  d i sks .  For small d i sks ,  whose r a d i i  are but  a few t i m e s  



-42- 

I .c 

0.93E 

0.901 

I 
0.5 

0 

o = I O  

0.448 

0 
X 

Fig. 12 Theoretical d i f fract ion prof i les  of small disks (Camichel 1958) 
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t h e  width of t h e  t r a n s i t i o n  zone, a complete c a l c u l a t i o n  of t h e  i n t e n s i t y  

d i s t r i b u t i o n  i n  t h e  image i s  necessary.  Camichel (1958) shows t h a t  

t h e  maximum luminance i n  t h e  center  of t he  image -- or  c o n t r a s t  i n  t h e  

case of a b lack  d i s k  on a luminous background -- i s  reduced compared 

wi th  i t s  geometric va lue  because of t he  r e d i s t r i b u t i o n  of energy by 

d i f f r a c t i o n  (or o the r  abe r ra t ions ) .  Fig. 12 shows, f o r  example, t h e  

t h e o r e t i c a l  b r igh tness  d i s t r i b u t i o n  along a diameter i n  t h e  d i f f r a c -  

t i o n  image of a small d i s k  having a relative diameter a = 6 or  10 

t i m e s  t h a t  of t h e  d i f f r a c t i o n  d i sk  6 = 1.22 h/R (R = r ad ius  of ob jec t ive ) ,  

i .e . ,  a = 1.22 rrs/6, i f  e i s  t h e  apparent diameter.  

d i s t r i b u t i o n  a long  t h e  common axis of t h e  overlapping images produced 

by a double-image micrometer i s  shown i n  Fig.  13; i t  is  very nea r ly  

cons t an t ,  i.e., t h e  images appear j u s t  i n  con tac t ,  when t h e  sepa ra t ion  

of t h e  cen te r s  of t h e  images i s  2 per  cent  f o r  a = 6, and 1 per  cent  

f o r  a = 10 smaller than  t h e  geometric diameter of t h e  objec t .  

Experimental  observa t ions  of test d i sks  i n d i c a t e  t h a t  t h e  a c t u a l  e r r o r  

may be  about t w i c e  as l a r g e  as the t h e o r e t i c a l  va lues  f o r  pure d i f f r a c -  

t i o n ,  perhaps because of r e s i d u a l  a b e r r a t i o n s  (Fig. 14). For very  

small diameter va lues  (a < 1.5) the e r r o r  changes s i g n  as t h e  measured 

diameter  tends toward t h e  constant  va lue  x 0.85 6 when e -. 0 ( t h i s  is 

t h e  r e s o l u t i o n  l i m i t  f o r  a double star wi th  equal  components). I n  

p r a c t i c e ,  6 i s  o f t e n  increased  by r e s i d u a l  o p t i c a l  a b e r r a t i o n s  and 

atmospheric turbulence.  The following t abu la t ion ,  based on Fig.  14, 

g ives  t h e  co r rec t ions  app l i cab le  t o  double-image measurements of 

Mercury i n  t r a n s i t  when c: lo", for a p e r t u r e s  2R = 4 t o  12  inches.  

The b r igh tness  
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Fig. 13 Photometric profiles near apparent contact of small 

disks in double-image micrometer (Camichel 1958) 
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Fig. 14 Computed and observed systematic errors 

in double-image measurements of small 

disks (Camichel 1958) 
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2 R ( i n . )  4 6 8 12 

6 (A = 0.56 P) 2'1 8 2'! 1 l'! 4 1'1 o5 

a (E = 10") 13.7 18.2 27.3 36.5 

c o r r .  6 a/o + 0.025 + 0.020 + 0.015 + 0.010 

2 6 Dl + 0'!17 + 0'!13 + O'!lO + O"07 

Heliometer o r  b i r e f r i n g e n t  micrometer measurements of Mercury i n  

t r a n s i t  (Table 3) wi th  6-  t o  7-inch t e l e scope  a p e r t u r e s  g ive  a mean 

reduced diameter M 6"5, which, accord ing  t o  t h e  above t a b u l a t i o n ,  

r equ i r e s  a minimum c o r r e c t i o n  of 2 per cen t  o r  about O"13 on 20 

allowance fo r  see ing  and a b e r r a t i o n s  may raise t h i s  va lue  t o  O"2 

* 

1' 

and 2al x 6"7. 

S i m i l a r l y  b i r e f r i n g e n t  micrometer measurements of Mars i n  daytime 

near  super ior  conjunction i n  1937--38 wi th  a 6-inch r e f r a c t o r  (Muller,  

1949) give a reduced po la r  diameter B 9"00, which, w i t h  E % 5" (a 9) 

r equ i r e s  a c o r r e c t i o n  6 U / O  B +0.035 o r  2 6al = + O"32, and 201 x 9"32. 

5.5. Pho toe lec t r i c  method 

A photometric method, f i r s t  suggested by E.  Hertzsprung, i s  

app l i cab le  t o  Mercury and Venus during t r a n s i t s .  The f l u x  pass ing  

through a c i r c u l a r  a p e r t u r e  placed i n  t h e  f o c a l  plane of t h e  t e l e scope  

i s  measured by means of a p h o t o e l e c t r i c  photometer, (1) wi th  t h e  

p l a n e t  cen tered  i n  t h e  a p e r t u r e ,  and (2) i n  nearby r eg ions  of t h e  

photosphere, o r  p re fe rab ly  a t  the  same po in t  a f t e r  t h e  p l a n e t  has 

moved a s m a l l  d i s t ance  from i t .  I n  p r i n c i p l e ,  t h e  r a t i o  of t h e  f luxes  

i n  (1) and (2) g ives  t h e  f r a c t i o n a l  area blocked o f f  by t h e  p l a n e t ,  

, (5.2) 
2 2  w1/v2 (D - d) / D 
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i f  D i s  t h e  diameter of t h e  aper ture ,  d t h a t  of t h e  p l a n e t ' s  d i s k  i n  

t h e  same u n i t s .  

t h e  f o c a l  l eng th ;  i f  F Z 10 meters, D > 0.5 

(Mercury), and D > 3 m f o r  D" > d" NN 60" (Venus). I f  t he  f u l l  

p o t e n t i a l  accuracy of t h e  method i s  t o  be r e a l i z e d ,  p r e c i s e  measure- 

ments of D and F ,  or  of D" are e s s e n t i a l .  

one may th ink  when a p rec i s ion  of the order  of i s  requi red ,  

a l though a combination of geometric and photometric techniques leads  

t o  t h e  des i r ed  accuracy. 

The angular  va lue  of D i s  D" = p" D/F, where F i s  

f o r  D" > d" = 10" 

This  i s  not  as simple as 

I n  a d d i t i o n  t o  poss ib l e  c a l i b r a t i o n  e r r o r s ,  more important 

sources  of sys temat ic  e r r o r s  include (a) v a r i a t i o n s  of atmospheric 

t ransparency  during t h e  observat ions,  (b) uneveness of t h e  photosphere,  

and e s p e c i a l l y  (c) d i f f e rences  i n  the  d i s t r i b u t i o n  of s c a t t e r e d  l i g h t  

i n  p o s i t i o n s  (1) and (2), i n  p a r t i c u l a r  due t o  v a r i a b l e  atmospheric 

turbulence.  The f i r s t  two e f f e c t s  can be reduced by s u i t a b l e  pre- 

cau t ions  during t h e  observa t ions ;  the  t h i r d  r e q u i r e s  a semi-empirical  

co r rec t ion .  The method w a s  f i r s t  app l i ed  a t  t h e  P i c  du Midi Observatory 

during t h e  t r a n s i t  of Mercury of  November 1961 (Camichel and Rosch, 

1962); t he  sun w a s  a t  a l o w  e leva t ion  during the  t r a n s i t ,  and f luc tua -  

t i o n s  of t h e  order  of 5 per  cent  were recorded i n  t h e  f l u x  'pl 

t r ansmi t t ed  by a 17" ape r tu re  due t o  see ing  e f f e c t s  on t h e  10" d i s k  

of Mercury (while 'p2 was e s s e n t i a l l y  cons t an t ) .  

I I  
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6. DIAMETER OF MERCURY 

The apparent diameter of Mercury has been derived from 

(a) filar or birefringent micrometer or heliometer 

measurements of the small bright disk (in gibbous 

or crescent phases) in daytime or at twilight, near 

the times of maximum elongations, when the apparent 

diameter is in the range of 6" to 8", 

(b) micrometer or heliometer measurements of the 

larger, black disk during the transits of the 

planet in front of the sun, when its apparent 

diameter is at maximum, varying from 10" to 13" 

because of the eccentricity of the orbit, 

(c) timings of intervals between internal and 

external contacts of the disk with the sun's limbs 

during transits, 

(d) photometric measurements of the fraction of the 

photospheric flux passing through a small aperture 

and blocked off by the planet's disk during the 

solar transit of November 7, 1960. 

The measurements of the 19th century have been collected by 

Kaiser (1872), Ambronn (1891), and See (1901). The main measurements 

made during transits or in daytime between 1832 and 1878, separated 

according to method of measurement, lead to the following mean 

values (p.e. are listed): 
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19 va lues  obtained by f i l a r  micrometer measure- 
ments during t r a n s i t s  of 1832, 1845, 1861, 
1868, 1878, and ranging from 9 6 5  t o  6"94.. . 6"25 f O"06 

4 values  obtained by t i m i n g  t h e  dura t ion  of 
passage of t he  d i s k  behind f ixed w i r e s  
during t h e  t r a n s i t s  of 1845, 1861, 1878, 
and ranging from 5"92 t o  7"03 ............... 6"43 f O"21 

7 va lues  obtained by heliometer or  double- 
image micrometer measurements during t h e  
t r a n s i t s  of 1832, 1868, 1878, and ranging 
from 6"07 t o  6"98 ........................... 6"56 f O"07 

2 values  obtained wi th  double-image micrometer 
i n  daytime between 1841 and 1865 ........... 6"64 

The unweighted mean of t h e  four  methods 2 0 (p.e.) i s  

probably too  small (Section 5) ;  the mean of t h e  hel iometer  or double- 

= 6"47 f O"06 1 

image micrometer measurements 2 Ul = 6"60 i s  probably nearer  t h e  

t r u t h ,  though probably s t g 1 1  t o o  small (Subsection 5.4). 

The main r e s u l t s  s i n c e  1880, co l l ec t ed  i n  Table  3, show again a 

l a rge  range of v a r i a t i o n  from less than 6" t o  over 7" and a t t r i b u t a b l e  

t o  t h e  d i f f i c u l t i e s  a t t end ing  t h e  measurement of a small p lane tary  

d i s k  as discussed i n  Sec t ion  5. These are d i f f r a c t i o n  and poor 

daytime see ing  i n  method (a), excessive turbulence and i r r a d i a t i o n  

i n  method (b), t h e  same aggravated by t h e  s u n ' s  limb darkening and 

o the r  e f f e c t s  (black drop) i n  method (c). Although i t  i s  not  e n t i r e l y  

f r e e  of such e r r o r s ,  method (d) appears a p r i o r i  t o  be t h e  most 

r e l i a b l e  of a l l  methods but  has been app l i ed  only once s i n c e  1880. 

Micrometer measurements i n  daytime (1,2) range from 6"42 t o  6"78 

(excluding abe r ran t  va lues ) ,  with a mean about 6"6; micrometer 

measurements and t imings i n  t r a n s i t s  (3,5) range from 6"21 t o  6"83, 

wi th  about t h e  same mean; measurements during t h e  1960 t r a n s i t ,  

i nc lud ing  p h o t o e l e c t r i c  photometry (6), and ranging from 6"54 t o  6"83 
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are i n  b e t t e r  agreement, wi th  a mean about 6"7. 

(2,5) average 6"56; according t o  Subsect ion 5.4 a c o r r e c t i o n  of 

+ O"10 t o  + O"13 may be requi red ,  f o r  a co r rec t ed  diameter 2 0 1 

Filar-micrometer methods (1,3) are probably more s u b j e c t  t o  sys temat ic  

e r r o r s ,  and t h e  average 6"5 i s  too  small. 

leads t o  s t i l l  smaller diameters  except  fo r  t h e  Aus t in  observa t ions  

of t h e  1960 t r a n s i t ,  when the  quan t i ty  es t imated  was t h e  r a t e  of change 

of  d i s tance  between t h e  limbs of t h e  sun and p l ane t  r a t h e r  than  t h e  

t i m e s  of apparent  contac t .  

Double-image methods 

e 6"67. 

The t iming of con tac t s  

Considering only t h e  1960 t r a n s i t ,  and c o r r e c t i n g  method (5) by 

+ O"10, t he  s t r a i g h t  mean, 

2 u = 6"73 f O"02 (p.e.) , 
i s  probably as good an  estimate of t h e  diameter of Mercury as may be 

made a t  present .  The corresponding l i n e a r  diameter i s  

1 

2 R = 4,880 f 15 km . 
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7. DIAMFllER OF VENUS 

The apparent  diameter of Venus has  been der ived  from 

(a) f i l a r  o r  b i r e f r i n g e n t  micrometer or  h e l i o -  

m e t e r  measurements of the  b r i g h t  d i s k  i n  day- 

t i m e  or  t w i l i g h t ,  

(b) f i l a r  micrometer o r  photographic measurements 

of  t h e  narrow c rescen t  phases near  i n f e r i o r  con- 

junc t ion  when t h e  horns of t h e  c re scen t  are 

extended by atmospheric s c a t t e r i n g  and, occas iona l ly ,  

form a continuous b r i g h t  r i n g  around t h e  dark  

hemisphere, 

(c) f i l a r  micrometer and hel iometer  measurements 

of t h e  dark d i s k  during t r a n s i t s  of t h e  sun, 

(d) t iming of t h e  ex te rna l  and i n t e r n a l  con tac t s  

between t h e  limbs of Venus and of t h e  sun dur ing  

t r a n s i t s ,  

(e) t iming of t h e  occu l t a t ion  of Regulus by Venus 

on J u l y  7, 1959, 

( f )  a n  a n a l y s i s  of radar-range de termina t ions  

dur ing  t h e  i n f e r i o r  conjunction of 1960. 

Filar-micrometer measurements of t h e  b r i g h t  d i s k  are a f f e c t e d  by 

l i t t l e  understood sys temat ic  e r ro r s .  As noted i n  Subsect ion 5.2 

t h e  classical c o r r e c t i o n  fo r  " i r r ad ia t ion"  i s  erroneous,  and a l l  

co r rec t ed  va lues  so derived must be r e j e c t e d .  

That va lues  g r e a t e r  than 17"O are c e r t a i n l y  t o o  l a r g e  i s  

ind ica t ed  by t h e  accu ra t e  value of t h e  diameter der ived  from 
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observat ions of t h e  t i m e s  of immersion and emersion of Regulus during 

i t s  occu l t a t ion  by Venus on J u l y  7,  1959 (de Vaucouleurs and Menzel, 

1960; Menzel and de Vaucouleurs, 1961; Taylor ,  1963);  t h e  diameter 

so derived, 

2 al (2,) = 17"012 & O"006 (p.e.)  , 

r e f e r s  t o  a lcm-density layer of t h e  upper atmosphere, w e l l  above t h e  

top  of t h e  opaque cloud-layer  which de f ines  t h e  o p t i c a l  diameter of 

Venus. 

T h i s  r e s u l t  i s  confirmed by a l l  micrometer measurements taken 

during t r a n s i t s  o r  on t h e  narrow-crescent phases when sys temat ic  

e r r o r s  a r e  minimized. Table  4 l i s t s  t h e  more r e l i a b l e  modern 

determinat ions.  

The low diameter va lues  der ived from measurements of t h e  s m a l l ,  

round d i s k  i n  daytime near  supe r io r  conjunct ion may be explained by 

t h e  e f f e c t  of limb darkening, and i n  t h e  case of double-image measure- 

ments by t h e  e f f e c t  d i scussed  i n  Subsect ion 5.4;  according t o  t h e  

t a b l e  a t  t he  end of Subsect ion 5.4, a c o r r e c t i o n  of +1 t o  + 2  per 

cent  or +0"2 t o  +0"3 on 2 u may be expected. The l a r g e  diameter 

va lues  observed near  quadrature  are probably due t o  t h e  e f f e c t  of 

i r r a d i a t i o n  a t  t h e  b r i g h t  cusps. The diameter va lues  der ived  from 

measurements of  t h e  l a rge ,  narrow c rescen t  near  i n f e r i o r  conjunct ion 

may be  nearer  t h e  c o r r e c t  value.  

are made a t  t h e  ou te r  edge of t h e  b r i g h t  c r e scen t ,  t h e  reduced 

diameter dl i s  probably s t i l l  t o o  l a r g e ;  i f ,  on t h e  o the r  hand, t h e  

s e t t i n g s  a r e  made on t h e  t i p s  of t h e  c re scen t  (or on t h e  t h i n  r i n g  of 

1 

However, i f  t h e  micrometer s e t t i n g s  
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l i g h t  s c a t t e r e d  by t h e  haze and cloud cover a t  graz ing  inc idence) ,  

t h e  reduced diameter d 

which must be less than  17"O. The means of  t h e  va lues  less than  

17"O i n  Table  4 are 16"88 f O"O6 for 3 va lues  near  quadra ture  ranging 

from 16"72 t o  16"97, and 16"88 f O"04 f o r  5 va lues  near  i n f e r i o r  

conjunct ion  ranging from 16"69 t o  16"97. The corresponding means of 

values g r e a t e r  than  17"O are 17"16 f O"03 (4 va lues )  and 17"18 f O"04 

(5 va lues ) ,  i n  agreement wi th  Barnard's daytime va lue  of 17"14 (c f ,  

Subsect ion 5.1). 

1 should be very c l o s e  t o  t h e  t r u e  va lue  of 2 u 1 

Diameters der ived  from transit observa t ions  should g ive  a 

c l o s e  lcwer l i m i t ;  t h e  va lues  assembled i n  Table  5 range from about 

16"65 t o  16"95 wi th  a weighted mean d 

wi th  t h e  b e s t  daytime determinations.  It seems s a f e  t o  conclude t h a t  

t h e  o p t i c a l  diameter of Venus a t  the a l t i t u d e  z 

cloud l aye r  (observed t a n g e n t i a l l y )  i s  g r e a t e r  than  16"7 o r  16"8 and 

smaller than  17"O. 

= 16"83 f O"03, i n  good agreement 1 

of t h e  t o p  of t h e  
C 

The adopted mean i s  

2 al (2,) = 16"88 f O"02 (p.e.) . 
The corresponding l i n e a r  diameter i s  

2 R - 12,240 f 15 km . 
C 

The diameter of t h e  s o l i d  globe 2R must depend a t  present  on a n  
0 

atmospheric model; most cu r ren t  models (Kellogg and Sagan, 1961) 

suggest  t h a t  z 

va lue  agrees  w e l l  wi th  t h e  preliminary estimate from rada r  observa- 

t i o n s  (Muhleman, e t  al . ,  1962) which suggest  2R = 12,200 f 100 km. 

M 30 t o  40 lan; i f  so, 2Ro = 12,170 f 20 km. This  
C 

0 



- 54- 

8. DIAMETER AND ELLIPTICITY OF MARS 

The apparent diameter of Mars has been derived from 

(a) filar micrometer, birefringent micrometer and 

heliometer measurements of the large bright disk 

observed at night near opposition, 

(b) filar micrometer, birefringent micrometer and 

heliometer measurements of the small disk observed 

in daytime near superior conjunction, 

(c) micrometer and microphotometer measurements of 

large-scale photographs taken at various phases, 

mainly at night between quadrature and opposition, 

(d) micrometer measurements of the apparent 

angular distance of surface markings of known 

areographic coordinates, 

(e) micrometer determinations on large-scale 

photographs taken near opposition of the apparent 

dimensions of the elliptical paths of sur face 

details as they are carried across the disk by the 

rotation of the planet. 

8.1. Visual diameter 

Visual micrometer measurements of the bright disk near opposition 

are affected by the Same errors due to diffraction, irradiation, and 

turbulence discussed in Section 5. 

for irradiation give reduced equatorial diameters di in the range 

9"6 to 9"7 (Campbell, 1892, 1895; Barnard, 1897), which are clearly 

too large. 

Nighttime observations uncorrected 

Attempts to correct for an assumed constant error c by 
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i 

Eq. (5.1) are not completely successful because of the changing sky 

background from night near opposition to twilight near quadratures and 

daytime at smaller elongations. This indiscriminate treatment of both 

day and night observations leads to values of the polar diameter d" 1 

in the range 9"4 to 9"6 (Wirtz, 1912; Rabe, 1928), which are still 

too large. 

Daytime observations of the very small round disk near superior 

conjunction (See, 1901; Muller, 1949) give reduced polar diameters 

d" in the range 9"O to 9"2, which are too small because of diffraction 1 

and limb darkening effects (cf. Subsection 5.3). 

The 19th century determinations of the (visual) diameters and 

ellipticity of Mars have been collected by Hartwig (1879) and See 

(1901). From the latter compilation the mean equatorial diameter 

derived from 22 determinations (most of them uncorrected for irradiation) 

with filar and double-image micrometers between 1784 and 1896 is 

di = 9"678 f O"025 (p.e.), and from 13 determinations (most of them 

corrected for an assumed constant error) with heliometers between 1852 

and 1896 it is di = 9"338 f O"023 (p.e.). 

in the ephemeris, after Hartwig (1911), is dl = 9"36 (di = 9"41, 

d'; = 9"32). 

\ 

The mean diameter adopted 

The more reliable 19th century determinations of the polar diameter 

dy, corrected for an assumed constant error (Hartwig, 1879, 1911; 

Campbell, 1895; Wirtz, 1912; Rabe, 19281, are collected in Table 6. 

Their unweighted mean is d" = 9"34 f O"02; however, as shown by the 

plot of these corrected values against c (Fig. 15), the error model 

(5.1) is faulty, and the interpolated value for c 6 0, dy 6 9"305 

f O"02, may be preferred. 

1 
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Fig. 15 Apparent polar diameter of Mars corrected for 

assumed constant error c as  a function of c 
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The b e s t  r ecen t  v i s u a l  determinat ions w i t h  a b i r e f r i n g e n t  micro- 

m e t e r  on t h e  P i c  du Midi 24-inch r e f r a c t o r  by Dol l fus ,  e t  a l .  (1962) 

near  t h e  p e r i h e l i c  oppos i t ions  of 1954, 1956, and 1958 -- l i s t e d  i n  

Table  7 -- give  d" = 9"31 i n  both red and b lue  l i g h t  w i th  an  es t imated  

e r r o r  f O"03 or  less. I f ,  however, t h e  r e s u l t s  f o r  1956 which may 

have been a f f e c t e d  by excessive atmospheric haz iness  are r e j e c t e d ,  

t h e  mean va lue  i s  reduced t o  d" = g"29. 1 

i n  e i t h e r  case. 

1 

The e l l i p t i c i t y  i s  f = 0.0117 

8.2. Photographic diameter 

Micrc?m,etrFc ~easurements of photographs (van de Kamp; 1925, 

1928; Trumpler, 1927; Reuyl, 1941) are sub jec t  t o  l a r g e  sys temat ic  

e r r o r s  depending on image dens i ty ,  seeing,  and o the r  parameters ; 

i n  genera l ,  t h e  measured diameter increases  wi th  d e n s i t y  (photographic 

" i r r a d i a t i o n " )  and t h i s  t h e  more rap id ly  t h e  poorer t h e  see ing  

O(euy1, 1941). Diameters reduced t o  some cons tan t  dens i ty  r ep resen t ing  

ttwell-exposed" images are then assumed t o  be a f f e c t e d  by cons tan t  

e r r o r s  as i n  Eq. (5.1). Modern determinations of t h e  mean diameter 

( ac tua l ly  t h e  diameter perpendicular t o  t h e  maximum phase d e f e c t ,  which 

averages O"O1 g r e a t e r  than  t h e  polar  diameter)  so der ived  are i n  t h e  

range 9"4 t o  9"5, when measures r e f e r  t o  t h e  ou te r  edge of images, and 

near  9'2 (Wright, 1925) when measures r e f e r  t o  t h e  zone of maximum 

c o n t r a s t .  

The b e s t  photographic determination by micrane ter  measurements 

of photographs i s  t h a t  of Trumpler (1927) dur ing  t h e  p e r i h e l i c  

oppos i t i on  of 1924; t h e  e q u a t o r i a l  and po la r  diameters  f r a n  t h e  yellow 

images reduced t o  a s tandard  densi ty ,  bu t  uncorrected f o r  cons tan t  
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e r r o r  a re  d '  = 9"413 f O"02, d'; An a t tempt  t o  inc lude  

a constant e r r o r  t e r m  g ives  d '  = 9"37 f O"06, w i t h  c = + O"10 f O"16. 1 

However, t h e  e r r o r  model i s  no t  adequate,  and a p l o t  of photographic 

diameters a g a i n s t  c (Fig. 15) g ives  f o r  c = 0 t h e  i n t e r p o l a t e d  va lue  

d'; = 9"32 f O"02, i n  good agreement w i t h  t h e  he l iometer  and double- 

image r e s u l t s .  

9"32 f O"02. 1 

The photographic diameter can be der ived  a l s o  f r m  microphotometer 

t r a c i n g s  of p l a t e s  taken a t  or  near oppos i t i on ;  diameters def ined  by 

t h e  poin ts  of maximum s lope  on t r a c i n g s  taken  every 30 of p o s i t i o n  

ang le  have been measured by Camichel (1954, 1956) on photographs i n  

y e l l o w  l i g h t  w i t h  t h e  15-inch and 24-inch r e f r a c t o r s  of t h e  P i c  du 

Midi Observatory w i t h i n  2 o r  3 days of t h e  oppos i t i ons  of 1941 t o  

1954. The e q u a t o r i a l  diameter i s  d '  = 9"33 f O"012 and t h e  mean 

e l l i p t i c i t y  f = 0.012 * 0.002 (d'; = 9"22 * O"012). 

f o r  dens i ty  or  i r r a d i a t i o n  was a p p l i e d ;  however, reduced diameters 

d vary  wi th  apparent diameter d i n  a way sugges t ing  a systematic  

e f f e c t  of t h e  form (5.1);  a p l o t  of d '  ve r sus  l / d  sugges ts  d; e 9"8, 

c x - O"8 (d'; = 9"68). 

0 

1 

No c o r r e c t i o n  

1 

1 

(See Fig.  15.) 

To summarize, t h e  apparent p o l a r  diameter of Mars a t  u n i t  

d i s t ance  i s  c e r t a i n l y  g r e a t e r  than 9"2 and smaller than 9"4. 

b e s t  determinations,  l i s t e d  i n  Table 8a, i n d i c a t e  a mean va lue  

d'; = 9"315 f O"010 (p.e.). 

The 

Direct de te rmina t ions  of t h e  apparent  e q u a t o r i a l  diameter suggest a 

lower l i m i t  of 9"3 and an upper l i m i t  of 9"5. 

l i s t e d  i n  Table  8b, i n d i c a t e  a mean va lue  d; = 9"415 f O"02 t h e  mean 

va lues  agree c l o s e l y  w i t h  Trumpler 's  de te rmina t ions .  However, t h e  

d i r e c t  determination of t h e  e q u a t o r i a l  diameter has  lower weight than 

The b e s t  de te rmina t ions ,  
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t h e  po la r  va lue  because of t h e  larger phase c o r r e c t i o n s ;  i t  may be 

s t rengthened  by a cons idera t ion  of t h e  e l l i p t i c i t y  of t h e  d i s k  measured 

d i r e c t l y  near  opposi t ion.  

8.3. E l l i p t i c i t y  

The apparent  e l l i p t i c i t y  f o  of Mars has  been much d iscussed  ever  

s i n c e  Darwin (1876) no t i ced  t h a t  i t  i s  g r e a t e r  than  t h e  classical 

l i m i t i n g  va lue  fo r  a homogenous planet  i n  h y d r o s t a t i c  equi l ibr ium 

(cf.  de Vaucouleurs, 1954: Lamar, 1962). The la t ter  i s  c l o s e  t o  

t h e  observed dynamical e l l i p t i c i t y  der ived  from t h e  motion of t h e  l i n e  

of apstdes snd ==des cf the n r b i t s  of the sztellites f = 0,00525 

(Woollard, 1944, co r rec t ed  t o  2 Ul = 9"30). 

C 

The 19th century detefminations of t h e  o p t i c a l  e l l i p t i c i t y  

were discussed by Hartwig (1879), who der ived  a mean va lue  f 

from measurements made wi th  heliometer or double-image micrometers. 

= 0.0104 0 

A summary of t h e  b e s t  modern determinat ions i s  given i n  Table 9. 

The range i s  from 0.002 (Campbell, 1892; Young, 1894) t o  0.020 (Schur, 

1896, 1899), sugges t ing  a mean f o x  0.011. 

va lues ,  t h e  unweighted mean of n = 15 va lues  i s  f o  = 0.0106 f 0.0005; 

t h e  mean weighted by number of nights  i s  f o  = 0.0095 (n = 103 n igh t s ) .  

Taking i n t o  account t h e  19th century r e s u l t s ,  t h e  adopted va lue  i s  

Excluding t h e s e  extreme 

= 0.0105 f 0.0005 (p.e. , fO 

which corresponds t o  a diameter d i f f e rence  a t  u n i t  d i s t a n c e  

d i  - dy = + O"100 f O"005. 
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The adopted va lues  of t h e  e q u a t o r i a l  and po la r  diameters of t h e  

d i s k  i n  yellow l i g h t  then  are 

2 0; = 9"415 f O"010, 

2 o'l = 9"315 f O"O10, 1 

corresponding t o  t h e  l i n e a r  diameters 

2 R i  = 6,828 f 7 km, 

2 RY = 6,756 f 7 km, 

36 * 2 km. 

The dynamical e l l i p t i c i t y  accounts f o r  R '  - R" = 18 km, only 

R ; - R Y  = 

C C 

h a l f  the  observed va lue .  

8.4. Atmospheric layers 

The g r e a t e r  ob la teness  of t h e  v i s i b l e  d i s k  might be expla ined  by 

assuming that  t h e  apparent limb of t h e  p l ane t  i n  yellow l i g h t  i s  

defined by t h e  t o p  of a dus t - laden  convective l a y e r  i n  t h e  lower 

atmosphere, and t h a t  t h i s  l aye r  has  g r e a t e r  he igh t  i n  t h e  e q u a t o r i a l  

r eg ions ,  

from 7 km at t h e  poles  t o  17 km near  t h e  equator  (Goody, 1949). 

Considering t h a t  t h e  va lue  of t h e  s c a l e  h e i g h t  i n  t h e  lower atmosphere 

of Mars i s  over twice t h e  va lue  of Ea r th  (de Vaucouleurs, 1954, p. 125), 

a change of 18 km i n  t h e  a l t i t u d e  of t h e  tropopause appears p l a u s i b l e .  

Thus, on Ear th  t h e  mean a l t i t u d e  of t h e  tropopause i n c r e a s e s  

The susp ic ion  t h a t  t h e  diameter observed i n  yellow l i g h t  

r e f e r s  t o  an  atmospheric layer r a t h e r  than  t h e  s o l i d  s u r f a c e  i s  

supported by v i s u a l  and photographic de te rmina t ions  of t h e  diameter 

of t h e  globe, from measurements of s u r f a c e  d e t a i l s  (Wirtz,  1912; 
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Trumpler, 1927; Camichel, 1954, 1956), and by diameters  der ived 

from photographs i n  r e d  l i g h t  which may a l s o  r e f e r  t o  t h e  su r face  

(however, limb darkening may a f f e c t  t h e s e  r e s u l t s ) .  The va lues  l i s t e d  

i n  Table  10 range from 9"12 t o  9"48 f o r  t h e  e q u a t o r i a l  diameter,  and 

from 9"OO t o  9"30 f o r  t h e  polar  diameter;  t h e  means of a l l  va lues  are 

d i  = 9"28 f O"03 (n = 8), d'; = 9"19 f O"03 (n = 6) ,  o r  d i  - d'; = + O"O9 

f O " 0 4 ;  ( th ree  p a i r s  (d ' ,  d") i n  c m o n  g ive  d' - d'; E +0"041 f O"045. 

Within t h e  u n c e r t a i n t i e s  of t h e  data ,  t h e  fol lowing va lues ,  which are 

1 

c o n s i s t e n t  w i t h  t h e  dynamical e l l i p t i c i t y ,  might be p rov i s iona l ly  

adopted : 

d i  = 9"27 f O"O3, d i  - d'; = + O"05, 

corresponding t o  a l i n e a r  diameter :  2 Ri = 6,723 f 22 lan. 

I n  support  of t h i s  in te rpre ta t ion ,we no te  t h a t  t h e  po la r  diameter 

d;l = 9"22 agrees  w e l l  wi th  va lues  der ived from micrometer measurements 

i n  daytime>when t h e  Martian atmosphere may becane i n v i s i b l e  through 

t h e  b r i g h t e r  terrestrial  atmospheric l i g h t ;  t h e  weighted mean of 

t h r e e  such values  i n  Table  10 (Muller : 9"00, See: 9"222, Campbell: 

9"254) i s  d'; = 9"225 f O"02. 

I f  t h i s  i n t e r p r e t a t i o n  i s  accepted, t h e  he igh t  of  t h e  atmospheric 

l a y e r  v i s i b l e  i n  yellow l i g h t  a t  the limb i s :  

z '  = 1 /2  (9"415 - 9"27) = O"072 f O"016 = 52 f 12 km a t  t h e  equator ;  

z" = 1/2  (9"315 - 9"22) = O"048 f O"O11 = 35 f 8 km a t  t h e  poles.  

I f  t h e  t o p  of t h i s  l aye r  marks t h e  Mart ian tropopause,  t h e  average 

a l t i t u d e  of 40 t o  50 km i s  perhaps an  overes t imate  bu t  no t  a l t o g e t h e r  

implaus ib le ,  cons ider ing  t h a t  measured e l e v a t i o n s  of c louds on Mars 

occas iona l ly  exceed 20 and even 30 km (de Vaucouleurs, 19%). Dol l fus  
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(1962) h a s  a l s o  es t imated  t h a t  i n  t h e  case of observa t ions  wi th  

double-image micrometers t h e  apparent t h i ckness  of t h e  atmospheric l aye r  

v i s i b l e  a t  t h e  limb i s  about 30 km (at t h e  h a l f - b r i g h t n e s s  l e v e l  as ' 

smoothed by d i f f r a c t i o n ) .  

Against t h i s  i n t e r p r e t a t i o n  we no te  t h a t  t h e  e l l i p t i c i t y  of t h e  

d i s k  derived by Trumpler (1927) from 40  p l a t e s  i n  r e d  l i g h t  i s  

f = 0.0098 f 0.0011, i n  s u b s t a n t i a l  agreement w i t h  t h e  va lue  observed 

i n  yellow l i g h t .  More t o  t h e  po in t  i s  t h e  va lue  of t h e  e l l i p t i c i t y  of 

t h e  globe i t s e l f ,  a l s o  der ived  by Trumpler from t h e  pa ths  of s u r f a c e  

d e t a i l s  on t h e  d i sk ,  f = 0.0113 f 0.0048, i . e .  , aga in  c l o s e  t o  f 

Nevertheless,  t h e  s i z e  of t h e  probable e r r o r  i s  such t h a t  t h e  

p o s s i b i l i t y  t h a t  f = f i s  not  excluded by t h e  d a t a  e i t h e r .  

0' S 

S C 

It must be conceded t h a t  t h e  evidence i s  no t  conclus ive  and 

t h a t  the t r u e  diameter and t h e  e l l i p t i c i t y  of t h e  s o l i d  su r face  of Mars 

remain uncer ta in .  The diameter and t h e  e l l i p t i c i t y  of t h e  v i s i b l e  

d i s k  i n  ye l low l i g h t  are obse rva t iona l ly  well-determined, bu t  t h i s  

diameter r e f e r s  t o  an atmospheric l a y e r  whose a l t i t u d e  i s  poorly known; 

a range of 20 t o  50 km a t  t h e  equator ,  and poss ib ly  10 t o  30 km a t  t h e  

poles  i s  i nd ica t ed .  With t h e s e  va lues  t h e  diameter of t h e  s o l i d  

su r face  i s  i n  the  range 

6,723 f 22 s 2 R '  < 6,828 f 7 ,  w i t h  18 f 2 5 R i  - RY S 36 f 2 . 
S 

For d e f i n i t e n e s s  

2 R '  = 6,750 f 20 km, and 2 RY = 6,700 f 20 km 
S 

may be  p rov i s iona l ly  adopted. 
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9. VISUAL PHASE CURVE, ALBEDO AND COLOR INDEX OF MERCURY 

The v i s u a l  magnitude and phase curve of Mercury rest mainly on 

observa t ions  by G. Muller  (1893) and by A. Danjon (1949, 1954). The 

phase l a w  i s  r a t h e r  unce r t a in  because t h e  p l ane t  i s  d i f f i c u l t  t o  

observe ou t s ide  t h e  phase angle  i n t e r v a l  35 < i < 125 , and when it 

i s  v i s i b l e , i t  i s  almost always a t  r a t h e r  l o w  e l e v a t i o n s  i n  t h e  sky 

where absorp t ion  co r rec t ions  are l e s s  c e r t a i n .  

0 0 

Muller represented  h i s  observat ions of 1878--1888 by t h e  phase 

func t ion  

m = - 0.901 + 2,838-10-4 (i - 50') + 1.023.10-4 (i - 50°)2 . (9.1) 

The cons tan t  term i s  f o r  i = 50' and Ro  4, (cf. Subsect ion 4 . 1 ) ;  

t h e  corresponding va lue  a t  f u l l  phase i s  m ( 0 )  = - 2.06; t h e  r educ t ion  

t o  R A = 1 is + 2.06 (Sektion 4), hence m,(O) = 0.00. A p l o t  of t h e  

magnitudes of Mul l e r ' s  c m p a r i s o n  stars i n  t h e  Potsdam system ve r sus  

modern magnitudes and co lo r s  i n  the B,  V s y s t e m  g ives  t h e  r e l a t i o n  

V - m = - 0.19 + 0.04 (B - V ) .  

(see below), namely (B - V )  = + 1.12, V - m = - 0.15 and V1(0) = - 0.15. 

Through t h e  R u s s e l l  r u l e  (Subsection 4.5) t h e  magnitude a t  phase 

ang le  50' i s  of s p e c i a l  i n t e r e s t :  V1(50) = - 0.90 + 2.06 - 0.15 = + 1.01, 

For t h e  approximate co lo r  of Mercury 

Danjon represented  h i s  observat ions by t h e  phase l a w :  

m = - 0.21 + 3 . 8 0 0 1 0 - ~  i - 2.73.10-4 i2 + 2.00.10-6 i3 . (9.2) 

The cons tan t  term is f o r  i = Oo and R A = 1. 

of t h e  comparison stars versus  V, B - V g ives  V - m =  - 0.13 fo r  

B - V < + 1.0, and V - m X +  0.20 f o r  B - V 2 + 1.2. 

of Mercury, V - m = - 0.17, and V1(0) = - 0.38. 

and V1 (50') = + 1.09. 

A p l o t  of t h e  magnitudes 

For the  co lo r  

Also m (50') = + 1.26, 
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Danjon has  given reasons why h i s  phase l a w  should be p re fe r r ed  

t o  Mul le r ' s  ( e s s e n t i a l l y  because i t  r e p r e s e n t s  b e t t e r  an  e c l i p s e  

observat ion a t  i = 3') ; i f  Mul l e r ' s  cons tan t  term m (50) = -0.90 

i s  reduced wi th  Danjon's formula then m (0) = -0.90 - 1.47 + 2.06 

= -0.36, and V1(0) = -0.46, o r  0.08 mag. b r i g h t e r  than  Danjon's 

zero  point.  The unweighted mean, 

1 

V1 (0) = -0.42, 

may be adopted. The unce r t a in ty  i s  d i f f i c u l t  t o  estimate because of 

t h e  ex t r apo la t ion  involved. For i = 50°, however, t h e  corresponding 

va lue  i s  V1(50) = +1.05 wi th  an  es t imated  probable e r r o r  of 0.02 o r  

0.03 mag. 

Numerical i n t e g r a t i o n  of t h e  phase l a w  (9.2) g ives  f o r  t he  phase 

i n t e g r a l  (Subsection 4.4)  q = 0.560 (Danjon's va lue  0.563), 

whi le  R u s s e l l ' s  r u l e  (Subsection 4.5) leads  t o  q = 2.20 ip (50') 

= 2.20 0.258 = 0.568, o r  wi th  Harris'  c o e f f i c i e n t  2.17, q = 0.560. 

The large depar ture  from a Lambert sphere,  fo r  which q = 1.50, i s  

a l s o  ind ica ted  by t h e  va lues  of # ( i ) / 4  (i) l i s t e d  i n  Table 11 and by 

t h e  polar  p l o t  of t h e  phase funct ion i n  Fig.  16. Note t h a t  t h e  e x t r a -  

po la ted  values  i n  t h e  unobserved range i > 130 are inc reas ing ly  

uncer ta in  and probably meaningless f o r  i > 160 . However, as t h e  

column @(i) s i n  i shows, t h e i r  con t r ibu t ion  t o  t h e  phase i n t e g r a l  i s  

neg l ig ib l e .  

0 

0 

0 

0 

With the  adopted magnitude of t h e  sun and t h e  apparent  r ad ius  of 

Mercury a t  u n i t  d i s t ance ,  t h e  geometric and phys ica l  a lbedos computed 

by means of Eq. (4.12) are (Table 12) :  

P (VI = 0.104, A (V) = 0.058 

I 
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Fig. 16 Visual phase function of Mercury i n  polar coordinates 
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The est imated probable e r r o r s  from a l l  sources  are about 4 or  5 per  

cent .  These va lues  are very c l o s e  t o  t h e  corresponding f igu res  f o r  

t he  moon ( a l s o  l i s t e d  i n  Table  11 f o r  comparison). 

The co lor  index of Mercury can be der ived  from Danjon's co lo r  

measure D,  being t h e  d i f f e r e n c e  between green and red  f i l t e r  mag- 

n i t u d e s ;  t h e  comparison stars g ive  t h e  r e l a t i o n  B - V = 2.38(D + 0 . 4 6 5 )  

and f o r  t h e  mean co lo r  measure of Mercury D = +0.008; B - V = +1.12. 

Fran unpublished measurements a t  McDonald and Lowell obse rva to r i e s ,  

Harris (1961) quotes a " r a t h e r  uncertain"  va lue  B - V = +0.83. By 

comparison wi th  t h e  co lo r  index of t h e  sun (Subsection 3.5), t h e  co lo r  

excess  of Mercury i s  E (B - V )  = +0.34 fo r  t h e  adopted mean va lue  

B - V = +0.97. Harris (1961) quotes a l s o  co lor  index va lues  

V - R = +0.85, R - I = +0.52, and I (2p) / I ( lp )  = 3.5  (0 = 1.00) ;  t h e  

l a r g e  value of t h i s  r a t i o  i s  due mainly t o  p lane tary  thermal emission 

and i s  no longer a measure of su r face  r e f l e c t i v i t y .  

These scanty d a t a  on t h e  s p e c t r a l  r e f l e c t i v i t y  of Mercury are 

co l l ec t ed  i n  Table 13 where t h e  quan t i ty  E(Q - 0) i s  the  co lor  

excess  of Mercury r e l a t i v e  t o  t h e  sun normalized t o  t h e  V band; 

assuming t h a t  t h i s  quan t i ty  i s  independent of phase angle ,  t h e  

corresponding s p e c t r a l  a lbedo i s  given by 

(9.3) 

The same d a t a  f o r  t h e  moon are l i s t e d  fo r  comparison; i n  t h e  mean 

E (  6 - 0 )  = 1.18 E (  C - 0). 

u l t r a v i o l e t ,  ph@) 0.053. The t e n t a t i v e  s p e c t r a l  r e f l e c t i v i t y  

curve (geometric a lbedo)  i s  i l l u s t r a t e d  i n  Fig.  1 7 .  As long as t h e  

u l t r a v i o l e t  o r  i n f r a r e d  phase curves are unknown, t h e  phase i n t e g r a l s ,  

s p e c t r a l  s p h e r i c a l  a lbedo,  and rad iometr ic  a lbedo cannot be computed. 

I f  t h e  r e l a t i o n  ho lds  i n  t h e  near  
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F i g .  17 Tentative spectral r e f l e c t i v i t y  curve of Mercury 
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10. VISUAL PHASE CURVE, ALBEDO AND COLOR INDEX OF VENUS 

10.1. Visual  phase curve and albedo 

The main determinat ions of t he  v i s u a l  phase curve of Venus are by 

M u l l e r  (1893, 1926), Danjon (1949) and Knuckles, S in ton  and Sin ton  

(1961). The f i r s t  two a r e  from v i s u a l  observa t ions ,  t he  t h i r d  from 

pho toe lec t r i c  observa t ions .  There are s t r i k i n g  d i f f e r e n c e s  between 

t h e  three  phase func t ions  i l l u s t r a t e d  i n  Fig.  18. 

M u l l e r ' s  o r i g i n a l  phase func t ion  (1893), 

3 (10.1) 
-2  -6 i3 m = -4.707 + 1.322.10 i + 0.4247.10 

gave f o r  t h e  phase i n t e g r a l  q = 1.194 (Russe l l ,  1916). An i n t e g r a t i o n  

of h i s  r ev i sed  phase func t ion  (1926) given i n  t a b u l a r  form only, l eads  

t o  q = 1.078. 

The cons tan t  i n  Eq. (10.1) i s  f o r  R &,; t h e  reduct ion  t o  R A *  1 

i s  +0.705. The r educ t ion  t o  t h e  V s y s t e m  (see  Sec t ion  9)  fo r  an 

average co lo r  index B - V = +0.8 (see below) i s  V - m = -0.16; hence, 

V1(0) = -4.707 + 0.705 - 0.16 = -4.16. A t  i = 50°, V1(500) = -3.99 

-I- 0.705 - 0.16 = -3.44. 

Danjon's phase func t ion  (1949), 

m = -4.14 + 0.09.10-2 i + 2 . 3 9 ~ 1 0 - ~  i2 - 0.65.10 9 (10.2) 
-6 i3 

g ives  the high va lue  q = 1.296. However, t h e s e  observa t ions  are 

probably a f f e c t e d  by sys temat ic  e r r o r s  due t o  t h e  v a r i a t i o n s  of 

apparent diameter and shape of t h e  n o n s t e l l a r  image of t h e  p l ane t  as 

seen through t h e  photometer. 

The cons tan t  i n  Eq. (10.2) refers t o  R A = 1; reduc t ion  t o  t h e  

V system (cf. Sec t ion  9) is V - m = -0.13 f o r  t h e  co lo r  range of 

Venus; hence, V1(0) = -4.14 - 0.13 = -4.27, and V1(0) = -4.14 + 0.56 

- 0.13 = -3.71. 
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Fig. 18 Data on visual phase curve of Venus 
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The phase func t ion  of Knuckles, e t  a l .  (1961) i s  given i n  t a b u l a r  

form only and q(V) = 0.888; t hus  V1(0) = -5.47 + 0.705 = -4.765, and 

V1(5Oo)= -4.40 + 0.705 = -3.695. 

s c a t t e r  i n  t h e  9 observa t ions  a t  phase ang le s  i < 30 , and no 

observations were made a t  i < 15  ; t h e  e x t r a p o l a t i o n  t o  i = 0' i s  

obviously sub jec t  t o  g r e a t  unce r t a in ty .  

va lues  a t  i = 50' w i l l  he lp .  

However, t h e  d a t a  show a l a r g e  

0 

0 

A comparison of t h e  observed 

The photovisua l  observa t ions  of King (1919) were a l l  taken  i n  t h e  

0 i n t e r v a l  52' < i < 69 

e r r o r  through any one of t he  phase f u n c t i o n s ;  i n  t h i s  range t h e  phase 

c o e f f i c i e n t  i s  dm/di = +0.021 mag. per degree ;  t h e  average of 8 

observa t ions  i s  P (50 ) = -4.09 f o r  Rono ,  and t h e  comparison stars 

g ive  V - P = -0.11; hence V1(50 ) = -4.09 + 0.705 - 0.11 = -3.50. 

and can be reduced t o  i = 50' wi thout  apprec i ab le  

0 

V 
0 

V 

The d a t a  are c o l l e c t e d  i n  Table 14. For t h e  p re sen t  t h e  

s t r a i g h t  mean of t he  phase func t ions  p l o t t e d  i n  Fig. 18 may be adopted 

as t h e  most p l a u s i b l e  s o l u t i o n .  The adopted phase func t ion  i s  t a b u l a t e d  

i n  Table 15 and shown by t h e  s o l i d  l i n e  i n  Fig.  18 ;  i t  i s  very  c l o s e  

t o  Mul l e r ' s  curve. The phase i n t e g r a l  i s  q = 1.087, and 

V 1 ( 0 )  = V1(50) - 0.83 = -4.41. 

phys ica l  albedos @able 12) are 

With t h e s e  f i g u r e s  t h e  geometric and 

and A = 0.705 
V 

p = 0.65 

The systematic e r r o r s  i n  t h e  component d a t a  prevent  a formal computation 

of probable e r r o r s ,  bu t  a p l a u s i b l e  estimate of t h e  "uncer ta in ty"  i s  

about 5 per  cent  or  0.05 mag. 
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10.2. Color index and spectral r e f l e c t i v i t y  

The co lo r  index of Venus near quadrature  (King, 1923; Link,  1956) 

i s  s e v e r a l  t e n t h s  of a magnitude g rea t e r  (i.e. r edde r )  than  t h e  sun ' s  

(B - V = +0.63). Danjon's observat ions through green and r e d  f i l t e r s  

g ive  a mean co lor  measure D = +0.005 corresponding t o  B - V = +1.11 

(cf.  Sec t ion  9 ) ;  no i n d i c a t i o n  i s  given of p o s s i b l e  v a r i a t i o n s  wi th  

phase angle .  

I n  t h e  same range of phase angles  t h e  p h o t o e l e c t r i c  d a t a  of  

Knuckles, e t  a l .  (1961) g ive  a near ly  cons tan t  va lue  B - V = +0.80, 

b u t  a r a p i d  decrease a t  phase angles  i < 40 

evidence (Fig. 19). The drop near i z 40 looks suspec t ,  e s p e c i a l l y  

i n  U - B (note t h a t  observa t ions  are by d i f f e r e n t  observers  and fo r  

d i f f e r e n t  y e a r s ) ;  t h e  V d a t a  a l s o  seem t o  be s u b j e c t  t o  sys temat ic  

e r r o r s  (see above) i n  t h i s  range,  a l though d i f f e r e n t i a l  co lo r  measure- 

ments should be less sub jec t  to  such e r r o r s .  The da ta  are c e r t a i n l y  

r e l i a b l e  a t  l a r g e r  phase angles  and up t o  i x 160'. 

decrease  of t h e  co lor  index at i > 120' i s  confirmed by s c a t t e r e d  

earlier d a t a  (Link, 1956). This blueing i s  ev iden t ly  due t o  increased  

atmospheric  s c a t t e r i n g  (by s m a l l  particles and molecules) of t h e  l i g h t  

r e f l e c t e d  by t h e  p l ane t  as i -4 180 

c re scen t  phases. 

due t o  sys temat ic  e r r o r s ,  may b e  due a l s o  -- a t  least i n  p a r t  -- t o  

increased  molecular s c a t t e r i n g  i n  t h e  d i r e c t i o n  of propagat ion 

(backward s c a t t e r i n g ) .  

t h e  luminosi ty  and co lo r  phase curves of Venus i s  s t i l l  a cha l lenge  

t o  t h e  t h e o r i s t s  of atmospheric s c a t t e r i n g  (Horak, 1950). 

0 and i > 120' i s  i n  

0 

The r a p i d  

0 (forward s c a t t e r i n g )  i n  t h e  

The b lue ing  near f u l l  phase (i -., Oo), i f  it i s  no t  

The de ta i l ed  t h e o r e t i c a l  i n t e r p r e t a t i o n  of 
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Fig. 19a Phase dependence of  color indices B - V of Venus 

(after Knuckles, Sinton and Sinton, 1961) 
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Fig. 19b Phase dependence of color indices U - B of Venus 

(after Knuckles, Sinton, and Sinton, 1961) 
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Because of t h i s  v a r i a t i o n  of co lo r  w i t h  phase, t h e  va lues  of p 

and q w i l l  depend on c o l o r ;  however, as i s  apparent  from Fig .  19 a ,  b,  

ex t r apo la t ion  t o  i = 0 

I n  a d d i t i o n , t h e  phase i n t e g r a l s  q i n  U and B may s h a r e  t h e  systematic 

e r r o r s  of t h e  V d a t a  (see above);  d i f f e r e n t i a l  v a r i a t i o n s ,  Aq = q(B) 

-q(V) = -0.125, Aq = q(U) - q(B) = -0.114 should be  more r e l i a b l e ;  

i f  s o  q(B) = 1.078 - 0.125 = 0.953, and q(U) = 0.839. The d a t a  do no t  

seem t o  be good enough y e t  t o  warrant an  independent d e r i v a t i o n  of 

A = pq i n  co lo r  bands o the r  than V .  

0 ( to  de r ive  p)  i s  s u b j e c t  t o  a l a r g e  unce r t a in ty .  

The r e l a t i v e  s p e c t r a l  r e f l e c t i v i t y  i n  t h e  range 0.38 t o  0 . 6 5 ~  

i s  shown i n  Fig.  20 (dot ted  l i n e )  from measurements made by Kozyrev 

(1954) a t  phase angle  i = 43'. The break  near 0 . 4 5 ~  i s  i n  q u a l i t a t i v e  

agreement wi th  some d a t a  (Evershed, 1919), bu t  t h e  q u a n t i t a t i v e  agree-  

ment wi th  o t h e r s  i s  poor, e .g . ,  c e n t e r  and limb s p e c t r a l  d a t a  i n  t h e  

range 0.38 t o  0 . 4 8 ~  by Polozhenzeva (1962). 

e i t h e r  with t h e  broad-band d a t a  d iscussed  above; thus  from Kozyrev's 

curve read a t  t h e  e f f e c t i v e  wavelengths of t h e  B and V bands, a co lo r  

excess  with r e s p e c t  t o  t h e  sun E ( B  - V )  = +0.47, or  B - V = +1.20 

i s  predic ted ,  as a g a i n s t  B - V = +0.80, observed near  t h e  same phase 

by Knuckles, e t  a l .  (1961). 

d a t a  agrees b e t t e r ,  bu t  s t r i c t l y  speaking measures only t h e  red--green 

g rad ien t .  For comparison, Harris (1961) quotes from unpublished d a t a  

a t  unspec i f ied  phase ang le s  U - B = +0.50, B - V = +0.82, and a l s o  

I (2p )  / I ( 1 p )  = 1.61 (sun = 1). 

There i s  no agreement 

The va lue  B - V = +1.11 from Danjon's 

These va r ious  d a t a  a r e  compared i n  Fig.  20. It i s  c l e a r  t h a t  

n e i t h e r  t h e  s p e c t r a l  r e f l e c t i v i t y  nor t h e  r ad iomet r i c  albedo of 

Venus can be der ived  wi th  any degree of confidence.  
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F i g .  20 Relative spectral re f l ec t iv i ty  data for Venus 
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11. VISUAL PHASE CURVE AND ALBEDO OF MARS 

11.1. Average phase curve 

Direct observa t ions  of t h e  phase curve of Mars a r e  l i m i t e d  t o  

i C 48'; i n  t h i s  range, depa r tu re s  from a l i n e a r  phase l a w  are 

neg l ig ib l e ,  and t h e  phase curve i s  def ined  by t h e  reduced magnitude 

mo 2 ml(0) and t h e  phase c o e f f i c i e n t  g (cf .  E q .  4.24). 

magnitudes and phase c o e f f i c i e n t  of Mars were determined v i s u a l l y  by 

Zgl lner  (1865), Muller (1893) and Radlova (1940) 

King (1923) and Livlander (1933), and p h o t o e l e c t r i c a l l y  by Johnson and 

Gardiner (1955), de Vaucouleurs (1960) and Harris (1961). 

The v i s u a l  

photographica l ly  by 

Mul l e r ' s  ex t ens ive  observa t ions  from 1 8 7 7  t o  1889 g ive  probably 

t h e  bes t  de te rmina t ion  of t h e  phase c o e f f i c i e n t ,  a = +0.01486 mag./deg 

(Fig. 21). Muller der ived  a l s o  m = -1 .787  f o r  t h e  magnitude a t  mean 

opposit ion i n  t h e  Potsdam system. 

t h e  V s y s t e m  by Harris (1961) g ives  V 1 ( 0 ) ' =  -1.51, i n  agreement w i t h  

t h e  modern d a t a  @ab le  16). 

0 

A r educ t ion  of M u l l e r ' s  d a t a  t o  

Becker (1933) has  reduced t o  t h e  Harvard s y s t e m  many s e r i e s  of 

observations from 1843 t o  1931. The d a t a  seemed t o  i n d i c a t e  t h a t  t h e  

v i s u a l  magnitude of Mars a t  mean oppos i t i on  v a r i e s  as much as 0.48 mag., 

bu t  an independent r educ t ion  of t h e  o lde r  observa t ions  by Harris 

(1961) does no t  confirm t h e  l a r g e  amplitude (maximum range:  0.13 mag. ). 

Seasonal and l o n g i t u d i n a l  e f f e c t s  are of t h e  same order of magnitude 

or l a rge r  (see below). 

The photovisua l  observa t ions  by King (1923) dur ing  t h e  oppos i t i ons  

of 1916 t o  1922 gave a mean magnitude m 

on t h e  method of reduct ion ,  and g = +O. 0152 o r  +O. 0167 mag. /deg. ; 

= -2.00 o r  -2.04, depending 0 
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Fig. 21 Mean visual  phase curve of Mars, 1877--1889 (after Muller 1893) 
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t h i s  corresponds t o  V (0) = -1.50 or  -1.54 i n  agreement wi th  t h e  

d e t a i l e d  r educ t ion  t o  t h e  V s y s t e m  by Harris (Table 16). 

1 

The v i s u a l  observa t ions  of Radlova (1940) dur ing  t h e  oppos i t ion  

of 1939 g ive  m 

stars, V1(0) = -1.38 -- w i t h  some unce r t a in ty .  

= -1.84 a t  mean oppos i t ion ,  or  by t h e  comparison 
0 

Frm numerous photovisua l  observa t ions  i n  1926--27, 1928 and 1930--31 

Livlznder (1933) derived mo = -2.22, corresponding roughly t o  V (0) = - 1 . 7 ,  

bu t  t he  phase c o e f f i c i e n t  5 = +O. 019 mag. /deg. seems t o o  high. 

1 

give  

The modern photographic and p h o t o e l e c t r i c  d a t a  (Tables 16 and 18) 

V1(0) = -1.52 * 0.01 and a(V) = +0.015 mag. /deg. 

Since t h e  phase angle  does no t  exceed 48 , t h e  phase func t ion  must be 0 

ex t r apo la t ed ,  fo r  i n s t ance  by analogy wi th  Earth.  The va lues  in Table  1 7 ,  

derived f o r  Ear th  by Danjon (1936) from observa t ions  of t h e  e a r t h s h i n e  on 

t h e  moon g ive  a phase i n t e g r a l  q(E) = 1.10, whi le  t h e  R u s s e l l  r u l e  g ives  

2.20 P, (50') = 1.09 i n  good agreement. For Mars t h e  v i s u a l  phase func t ion  

computed wi th  t h e  phase c o e f f i c i e n t  5 = 0.015 mag. /deg. g ives  @ (i" /Q (i)6 

= 0.98 i n  t h e  range 10' s i 5 40'; t h e  phase func t ion  of Mars given i n  Table 

1 7  was derived from t h a t  of Ear th  by assuming t h a t  t h i s  r a t i o  drops t o  0.97 

and remains cons tan t  fo r  i > 40 . 0 

Numerical i n t e g r a t i o n  of t h i s  phase func t ion  leads  t o  q(M) E 1.076, 

wh i l e  the R u s s e l l  r u l e  g ives  2.00 + (50') = 1.060. The mean va lue  q = 1.07 

was used t o  compute t h e  a lbedo  i n  Table 19 and wi th  t h e  adopted cons t an t s  

p = 0.149 and A, = 0.159 

wi th  estimated mean e r r o r s  of 3 and 5 per cent  r e s p e c t i v e l y .  
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11.2. Lonpi tudinal  v a r i a t i o n s  

The v i s u a l  b r igh tness  of Mars v a r i e s  s l i g h t l y  wi th  t h e  longi tude 

w 

s u r f a c e  markings. 

recorded v i s u a l l y  an  amplitude of 0.17 mag. between a maximum near 

of  t h e  c e n t r a l  meridian and the  changing p resen ta t ion  of i t s  

This  e f f e c t  w a s  f i r s t  observed by Lau (1914), who 

0 w = 120 

and Prager  (1914, 1918), who compared Mars p h o t o e l e c t r i c a l l y  wi th  

Gem through a r e d  f i l t e r  i n  1914 and 1916; s i m i l a r  v a r i a t i o n s  

are shown by t h e  p h o t o e l e c t r i c  observat ions of Johnson and Gardiner 

(1955) and of de Vaucouleurs (1960). The f a c t  t h a t  t he  

v a r i a t i o n s  are caused by t h e  unequal d i s t r i b u t i o n  of b r i g h t  and dark 

areas on t h e  su r face  of t h e  p l ane t  can be demonstrated by d i r e c t  i n t e -  

and a minimum near  u) = 300' (Fig. 221, and by Guthnick 

g r a t i o n  of t h e  areas and relative luminances of t h e  su r face  markings 

(de Vaucouleurs, 1942). Some v a r i a b i l i t y  i n  t h e  long i tud ina l  

e f f e c t  from year  t o  year  i s  observed, as could be expected from t h e  

v a r i a b l e  a r e o c e n t r i c  d e c l i n a t i o n  of Ear th  (northern a t  a p h e l i c  

oppos i t ions ,  southern  a t  p e r i h e l i c  oppos i t ions) ,  from occas iona l  

changes i n  t h e  s u r f a c e  markings, and from erratic atmospheric phenomena. 

The lat ter dominate i n  t h e  sho r t e r  wavelengths, and no s i g n i f i c a n t  

l o n g i t u d i n a l  e f f e c t  i s  expected nor observed a t  A < 0.5ql  (Fig. 23). 
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Fig. 22 Longitudinal variations of magnitude of Mars 
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12. COLOR INDEX, SPECTRAL REFLECTIVITY 

AND RADIOMETRIC ALBEDO OF MARS 

12.1. Color index 

The o l d  v i s u a l  and photographic d a t a  on t h e  co lo r  index of 

Mars, discussed i n  Physics of t h e  P lane t  Mars (de Vaucouleurs, 1954), 

are of r e l a t i v e l y  l i t t l e  i n t e r e s t  now t h a t  more p r e c i s e  p h o t o e l e c t r i c  

d a t a  on t h e  s p e c t r a l  r e f l e c t i v i t y  are a v a i l a b l e  fo r  a longer i n t e r v a l  

of wavelengths than t h e  o r i g i n a l  photographic--photovisual range. 

The values of t h e  magnitude a t  oppos i t i on  i n  Table  18 are taken  from 

a r ecen t  r e -d i scuss ion  of modern photographic and p h o t o e l e c t r i c  

d a t a  supplemented by new observa t ions  (de Vaucouleurs, 1960). Both 

mo and the phase c o e f f i c i e n t  

F igure  24 shows t h e  s p e c t r a l  v a r i a t i o n  of t h e  phase c o e f f i c i e n t  from 

t h e  Mount Stromlo photographic s p e c t r a l  photometry (Woolley, e t  a l . ,  

1953, 1955) and t h e  F l a g s t a f f  p h o t o e l e c t r i c  photometry (Johnson and 

Gardiner,  1955). A t  A >  0.6p, l i g h t  i s  r e f l e c t e d  mainly by s u r f a c e ,  

t h e  phase c o e f f i c i e n t  i s  2 = 0.012 mag./deg., and by t h e  R u s s e l l  

r u l e  q = 1.3  (suggesting a f a i r l y  smooth su r face ) .  A t  X < 0 . 5 ~ ~  

l i g h t  i s  r e f l e c t e d  mainly by t h e  atmosphere, 2 = 0.018 mag. /deg., and 

q = 0.94 ( ind ica t ing  s t r o n g  depa r tu re s  from both i s o t r o p i c  and 

Rayleigh s c a t t e r i n g ,  fo r  which q = 1.50 and 1.67). A t  t h e  e f f e c t i v e  

v i s u a l  wavelength, A = 0.55p, both components c o n t r i b u t e ,  I= 0.015 

mag./deg., q = 1.07 (Section 11). 

are s t r o n g l y  wavelength-dependent. 

Because of t h e  g r e a t e r  va lue  of t h e  phase c o e f f i c i e n t  a t  

A <  0.5p, Mars i s  redder  a t  l a r g e  phase a n g l e s ;  the reddening 

c o e f f i c i e n t  i n  B - V i s  about 0.03 mag. /deg., and t h e  co lor  index 
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(a i n  rnag./deg.) and phase integral q of Mars 
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Near aphel ion  

Near Pe r ihe l ion  

increases  by A (B - V)  = 0.15  mag. between oppos i t ion  and quadrature .  

A t  large phase ang le s ,  say i > 130' t o  140°, Mars may be expected t o  

+ 1.30 + 1.50 

+ 1 . 4 5  + 1.65 

become b lue r  because of i nc reas ing  atmospheric  s c a t t e r i n g .  There i s  

a l s o  same evidence f o r  a co lo r  v a r i a t i o n  depending on season o r  hemi- 

sphere p re sen ta t ion  o r  bo th ;  an ear l ie r  d i scuss ion  (de Vaucouleurs, 1954)  

suggested t h e  following va lues  i n  t h e  IPg, IPv system. 

r A t  oppos i t ion  A t  quadra ture  

12.2 .  S p e c t r a l  r e f l e c t i v i t y  curve 

The spectral  r e f l e c t i v i t y  curve of Mars can be der ived  from t h e  

Mount Stromlo spectrophotometr ic  d a t a  of 1952, 1954 (Woolley, e t  a l . ,  

1953, 1955) and t h e  F l a g s t a f f  p h o t o e l e c t r i c  d a t a  of 1945, 1958 

(Johnson and Gardiner ,  1955 ;  de Vaucouleurs, 1 9 6 0 ) ,  supplemented f o r  

t h e  i n f r a r e d  by unpublished da ta  of Hard ie  (quoted by Harris, 1 9 6 1 ) ,  

which refer t o  an  unspec i f ied  phase angle .  The s p e c t r a l  magnitudes 

are l i s t e d  i n  Table 18 and are p l o t t e d  i n  Fig.  2 5 ;  w i t h i n  t h e  

-1 
u n c e r t a i n t i e s  of t h e  da t a  t h e  m ( h  ) curve can be represented  by two 

s t r a i g h t  segments : 

1 

and 

f o r  A <  0.4p(2.5 < h-' < 3 . 0 ) .  -1 ml(X ) = +0.40 

The va lues  of t h e  s p e c t r a l  a lbedo  l i s t e d  i n  Table 1 9  were computed 

f rw t h e  observed values  r a t h e r  than  t h e  i n t e r p o l a t e d  ones;  some 

allowance w a s  made fo r  t h e  probable v a r i a t i o n  wi th  wavelength of t h e  



-85- 

i -3 

1 

-2 

I I I 

Stromlo 1952 

X Stromlo 1954 
0 Flagstoff 1954 

Flogstoff I958 
4 McDonold 1952, 1954 

1 - 
I 

3 2.5 2 1.5 

0 
I. I I 

XYp-’ 1 

Fig. 25 Monochromatic magnitudes ml(0) of Mars, 1952, -54, -58 
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apparent diameter of t he  e f f e c t i v e  r e f l e c t i n g  s u r f a c e  (Subsection 8.4) 

and f o r . t h e  phase i n t e g r a l ,  t h e  l a t t e r  being q u i t e  u n c e r t a i n  for  

A < 0 . 4 ~  and h > 0 . 7 ~ .  The s p e c t r a l  r e f l e c t i v i t y  curve p l o t t e d  i n  

Fig.  26 s h m s  t h a t  Mars i s  red  and b r i g h t  i n  t h e  v i s i b l e  and near 

i n f r a red ,  bu t  “gray” and very dark i n  t h e  near  u l t r a v i o l e t .  This  

r e s u l t  suggests  t h a t  e i t h e r  t h e  s c a t t e r i n g  p a r t i c l e s  s t rong ly  absorb 

( l i k e  carbon smoke) o r  t h e  atmospheric molecular component inc ludes  a 

s t rongly  absorbing gas i n  t h i s  s p e c t r a l  region.  A marginal  rocke t  

observat ion a t  h = 0.274~ (Bogess and Dunkelman, 1959), i n d i c a t i n g  an  

albedo of 0.24, sugges ts  t h a t  atmospheric s c a t t e r i n g  or  f luorescence  

or  both become s i g n i f i c a n t  a t  s h o r t e r  wavelengths,  bu t  t h i s  r e s u l t  

re  qui res  confirmation.  

\ 

Very l i t t l e  information i s  a v a i l a b l e  on the  r e f l e c t i v i t y  of Mars 

beyond 1p; according t o  Kuiper (quoted by Harr is ,  1961),the i n t e n s i t y  

r a t i o  I(&)/I(lp) i s  the  same fo r  t h e  sun and f o r  Mars (at an  

unspec i f ied  phase a n g l e ) ;  t h i s  sugges ts  t h a t  t h e  i n f r a r e d  albedo 

does not much exceed i t s  va lue  p = 0.3 a t  0.8~. I n  the  f a r  i n f r a r e d  

(A > 3 t o  $),a reasonable  expec ta t ion  i s  t h a t  t h e  r e f l e c t i v i t y  decreases  

t o  a small va lue  (p 0.1 ?) c o n s i s t e n t  wi th  t h e  black-body approximation 

used i n  t h e  r educ t ion  of rad iometr ic  observa t ions  i n  t h e  8- to  14-p 

band. A p l a u s i b l e  e x t r a p o l a t i o n  i s  i l l u s t r a t e d  by curve no. 4 i n  Fig.  27. 

It i s  c l e a r  t h a t ,  a l though Mars has  been more c o n s i s t e n t l y  observed 

than  other p l ane t s ,  much remains t o  be done t o  d e f i n e  i t s  photometric 

parameters b e t t e r ,  e s p e c i a l l y  i n  t h e  u l t r a v i o l e t  and i n  t h e  i n f r a r e d .  
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F i g .  27 Spectral r e f l e c t i v i t y  curve of Mars 
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12.3. Radiane t r i c  a lbedo 

Because of t he  s p e c i a l  i n t e r e s t  i n  Mars fo r  t e s t i n g  t h e o r e t i c a l  

models of  t h e  genera l  c i r c u l a t i o n  of a p lane tary  atmosphere m i n t z ,  

19611, an at tempt  w a s  made t o  es t imate  lower and upper l i m i t s  and the  

most probable va lue  of t h e  radiometr ic  a lbedo A* given by Eq. (4.29) 

i n  s p i t e  of our incomplete knmledge of t h e  s p e c t r a l  r e f l e c t i v i t y  

curve. As was noted i n  Sec t ion  4, t he  v i s u a l  va lue  A o f t e n  used i n  

t h e  p a s t  i s  not  a good approximation i n  t h e  case of Mars because of 

t h e  s t rong  dependence of p on h and because (Section 3) over h a l f  

t h e  s o l a r  energy is emit ted i n  t h e  i n f r a r e d  where p >> p 

V 

V' 

Figure 27 shows the  adopted s p e c t r a l  a lbedo ph; t h e  continuous 

curve i n  t h e  i n t e r v a l  0.32 S A S  0.82 i s  observed; t h e  dashed curves 

r ep resen t  s e v e r a l  t e n t a t i v e  ex t r apo la t ions .  

curve I, assuming t h a t  p 

l i m i t ;  curve 11, probably an upper l i m i t  i s  based on t h e  doubtful  rocket  

observa t ion  p = 0.24 a t  h = 0.274~. 

ex t r apo la t ion .  The uncer ta in ty  on p i n  the  u l t r a v i o l e t  has  l i t t l e  

e f f e c t  on p*, because the  source funct ion Es(k) has small values  i n  

t h i s  range (Fig. 3). 

I n  t h e  u l t r a v i o l e t  

4 0.04 for h < 0.3&, i s  a p l a u s i b l e  lower 
h 

Curve 4 i s  a more p l a u s i b l e  

h 

I n  t h e  i n f r a r e d ,  curve 1 is  c e r t a i n l y  an upper l i m i t ;  i t  l e v e l s  

o f f  a t  p = 0.67 beyond l.k, because q i s  un l ike ly  t o  exceed the  

Lambert va lue  qo = 1.5 and obviously pqo cannot exceed uni ty .  

2, assuming t h a t  p 

a lmer l i m i t  f o r  p* s ince  t h e  observed value a t  0.8& i s  a l ready  

g r e a t e r .  Curve 3 allows for  a fur ther  i nc rease  of p beyond 0 . W  

without  reaching the  implausibly high va lues  of curve 1; i t  l e v e l s  o f f  

a t  0.49 and probably leads  t o  an upper l i m i t  of p* because,  as noted 

Curve 

does not  exceed i t s  va lue  a t  0.7~ probably g ives  
h 

h 
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ear l ier ,  p must eventua l ly  decrease t o  a low va lue  i n  t h e  f a r  

i n f r a r e d  (beyond 5p) s i n c e  most n a t u r a l  minera ls  are known t o  have 

a low r e f l e c t i v i t y  (high e m i s s i v i t y )  i n  t h e  lop  region.  Th i s  i s  

confirmed by d i r e c t  measurements of t h e  emis s iv i ty  of t h e  Sahara 

d e s e r t  i n  t he  8 t o  12p band from t h e  T i r o s  I11 s a t e l l i t e  (Buettner and 

Kern, 1963), i n d i c a t i n g  a v e r t i c a l  emis s iv i ty  between 0.7 and 0.9 

( r e f l e c t i v i t y :  0 .2  & 0.1). Curve 4 i s  a t e n t a t i v e  estimate of t h e  

probable run of p(h) a l lowing fo r  t h i s  expected decrease beyond 2p. 

The f l a t  maximum i n  the  1 t o  2p reg ion  i s  i n  agreement wi th  Ku ipe r ' s  

observat ion t h a t  t he  albedo i s  about t h e  same a t  1p and 2p (see above). 

A 

The i n t e g r a l s  i n  E q s .  (4 .27)  and (4.28) can be w r i t t e n  

So, S .  r ep resen t  r e s p e c t i v e l y  
1 

symbolically S = Su + S o  + Si where S 

t h e  cont r ibu t ions  of t h e  u l t r a v i o l e t  (0.20 < h S 0.32p), of the  w e l l  

observed v i s i b l e  range (0.32 5 h 5 0.7W) and of t h e  i n f r a r e d  

(0.70 5 X 5 5.w). The va lues  of S are l i s t e d  i n  Table 20a i n  such 

U'  

u n i t s  t h a t  S [ E s ( h )  d A] = 1.40 e r g  cm -2 sec -1 = 2.00 c a l  cm -2 min -1. , 

t h e  corresponding values  of p* a r e  given i n  Table  20b. The range i s  

from 0.197 for  case ( I , 2 )  t o  0.313 f o r  case (II,l), or i n  t h e  mean 

p* 5 0.255 f 0.058. The more p l a u s i b l e  lower and upper l i m i t s  ( I I , 2 )  

and (I,3) give  0.198 < p* < 0.244, or  i n  t h e  mean p* = 0.221; t h e  

most probable" va lue  (4,4) i s  p* = 0.233. The adopted va lue  i s  I 1  

p* = 0.235 , 

with  an est imated probable e r r o r  of 0.015. 

The canputa t ion  of q* follows similar l i n e s .  F igure  28 shows the  

adopted curve i n  t h e  observed range 0.36 h 0.64~ and t h r e e  

poss ib l e  ex t r apo la t ions  i n  t h e  i n f r a r e d .  Case A assumes t h a t  q = 1.3; 



-91- 

I .6 

1.5 

1.4 

I .3 
q 

1.2 

i i I I I I I 

C 

0.9 
0.2 0.5 I .o 

Np)  
5 .O 
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t h e  value reached a t  h = 0.6% i s  c h a r a c t e r i s t i c  of t h e  s u r f a c e  and 

does not i n c r e a s e  f u r t h e r  beyond 0 . 6 5 ~ .  

leads  t o  a lower l i m i t  f o r  q*. Case C assumes t h a t  q i nc reases  

beyond 0.65~ up t o  t h e  va lue  qo = 1.50 c h a r a c t e r i s t i c  of a smooth 

(Lambert) sphere  and remains a t  t h i s  cons t an t  va lue  a t  longer wave- 

l e n g t h s ;  t h i s  assumption probably l eads  t o  an upper l i m i t  f o r  q*. Case 

B i s  a p l aus ib l e  in t e rmed ia t e  assumption f o r  which q = 1.4  beyond 1 ~ .  

The corresponding va lues  of q* are l i s t e d  i n  Table  20a; t h e  lower and 

upper l i m i t s  are 1 . 1 7  and 1.30 (mean 1.235);  t h e  more probable va lue  

i s  1.25. The adopted va lue  i s  

This assumption probably 

q* = 1.24 , 

with  an  es t imated  probable e r r o r  of 0.02. 

The products of t h e  lower and upper l i m i t s  of p* and q* g ive  

The product of t h e  more probable 0.23 < A* S 0.41, or  A* S 0.32. 

va lues  p* = 0.233, q* = 1.251 g ives  A* = 0.292, whereas a d i r e c t  

i n t e g r a t i o n  of t h e  product p q fo r  case (4,B) g ives  A* = 0.297. The 

adopted value i s  

A A  

A* = 0.295 , 

wi th  an  es t imated  probable e r r o r  of 0.02. 

The average s o l a r - f l u x  dens i ty  absorbed by Mars a t  t h e  mean 

d i s t a n c e  R = 1.524 A . U .  corresponding t o  t h i s  va lue  of A* by Eq.  (4.30) 

i s  

F* E* 
S -1 - = -  

c) (1 - A*) = 0.61 cal  min 
nrL R~ 6 -2 -1 

= 0.43 x 10 e r g  an s e c  
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This i s  about half  the corresponding quantity for Earth and almost 

double the amount that would have been estimated by incorrectly 

using A instead of A*. 
V 
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S y m b o l s  

h(P) 

h - l ( p 3  

T a b l e  1 

U' U B v R I 

0.33 0.37 0.445 0.555 0.69 0.82 

3.03 2.70 2.23 1.80 1.45 1.22 

EFFECTIVE WAVELENGTHS OF MAGNITUDE SYSTEMS 

FOR S O U R  RADIATION 
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M p )  

0.20 
.22 
.24 
.26 
.28 

30 
.32 
34 

.36 

.38 

.40 

.42 

.44 

.46 
48 

50 
.52 
.54 
.56 
.58 

.60 

.62 

.64 

.66 

.68 

70 
.75 
.80 
85 

.90 

.95 
1.00 

Table 2 

NORMALIZED SPECTRAL ENERGY DISTRIBUTION OF SOLAR RADIATION* 

0 
0 
4 

14 
25 

56 
76 
91  

107 
1 2 1  

148 
187 
207 
222 
2 23 

2 15 
209 
203 
198 
194 

190 
182 
17 2 
164 
157 

150 
13 2 
117 
104 
91 

81 
73 

0 
0 
0.0003 

.0021 - 005 8 

.0135 

.026 8 

.0435 

.0633 

.0861 

.1117 

.1848 

.2279 

.2725 

.3 164 

.3588 

.3999 . 4402 

.4793 

.5177 

.5549 
5903 

.6239 

1454 

-6559 

a6865 
.7568 

.8732 

.9220 

8183 

9656 
1 004 

0 
0 
0.0002 

.0015 

.0042 

.009 7 

.0191 

.03 10 

.0452 

.06 14 

.0797 

.lo38 

.1319 

.1626 

. $259 

.256 1 

.2854 

.3141 

.3421 

.3695 

.3 960 

.4213 

.4453 

.4681 

-4895 

1945 

.5401 

.5841 

.6232 
-6580 

.6891 

.7162 

~~ 

1.00 
1.10 
1.20 
1 e30 
1.40 

1.50 
1-60 
1.70 
1.80 
1.90 

2.00 
2-5 
3.0 
3.5 
4.0 

4.5 
5.0 

73 
60 
49 
40 
33 

27 
22 
18 
15 
1 2  

11.1 
5.0 
2.7 
1.6 
0.9 

0.6 
0.4 

1.004 
1.069 
1.123 
1.169 
1.205 

1.234 
1.258 
1.277 
1.294 
1.307 

1.318 
1.358 
1.378 
1.388 
1.395 

1.398 
1.402 

0.7162 
.7631 
.8019 
.8341 
.8598 

.8810 

.8978 

.9118 

.9235 

.9330 

.9410 

.9696 

.9832 

.9908 

.9956 

.9982 
1.0000 

* 
Es(h) a f t e r  Allen (1955) normalized to  so lar  constant 

= 2.00 cal min-l = 1.40 x 10 erg cm sec per Angstrh 

(smoothed over 100 A bandwidth). 
-2  -1 CEs(h)8h = integrated radiation from 0 to h i n  erg cm 

ks(A) = fraction of tota l  radiation emitted between 0 and A .  

5 -2 -1 

sec . 
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Author 

Table 3 

2al Source Instrument 

APPARENT DIAMETER OF MERCURY AT U N I T  DISTANCE 

De Ball 11" r e f r . ,  Bothkamp 

Barnard 40" r e f r .  (1511 d ia . ) ,  Yerkes 

Wirtz  20" r e f r . ,  Strasbourg 

Rabe 8" r e f r . ,  Breslau 

See 26" r e f r . ,  Washington 

Y e a r  

(7!'456) 1 

6.591 2 

(5.899) 3 

6.431 4 

6.62 5 

1882 

1898--1900 

1901 

1903--1909 

1914 

1865 

1890 

1890- - 1899 

1910 

1931--1951 

Kaiser 

Ambronn 

Ha rtwig 

Ernst 

Muller 

S t roobant 1 t ran8 i t  

Innes 5 t r a n s i t s  

W ill iams 16 t r a n s i t s  

Clemence 1 transit ,  many observ. 
and Whittaker 

de Vaucouleurs 1 t r a n s i t ,  911 r e f r . ,  Austin 

1894 

1891 

1894 

19 14 

1914 

1914 

1960 

:6.16) 

(6.16) 

6.30 

6.41 

6.73 

- ~ ~~~ ~ 

7" r e f r . ,  Leiden 

6kf1 he l io . ,  Gtlttingen 

7" he l io . ,  Bamberg 

12" ref r. , Heidelberg 

6" r e f r . ,  Strasbourg 

3. F i l a r  mic-meter i n  t r a n s i t s  

Campbell 

Barnard 

Barnard 

Rabe 

Jonckheere, e t  a l .  

Storey, et a l .  

Engle and Kraus 

- 

36" r e f r .  (,I1 d i a . ) ,  Lick 

12" r e f r .  (,I1 d ia . ) ,  Lick 

12" r e f r .  (5--6" d i a . ) ,  Lick 

8" r e f r . ,  Breslau 

28" ref r. (15--2OV1dia.) ,Greenwid 

15" r e f r .  (6--10f1dia.), Edinburgl 

6" ref l., Edinburg (Texas) 

6.606 

6 597 

6.78 

6.56 

6.42 

c5.726) 

:6.042) 

6.21 

6.32 

6.43 

6.42 

6.83 
1 1 I I 

1907 

1891--1924 

1799--1927 

1940 

1960 

6 

7 

8 

9 

10 

11 

12 

12 

5 

13 

14 

15 

16 

17 

18 

19 

20 
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Y e a r  

Table 3 (Continued) 

Source 
201 Author Ins  t rument 

1960 Camichel 15" refr., P i c  du Midi 

1960 Leroy ? , Meudon 

and Rosch 

1953 

1960 

1960 

1960 

6.75 24 

6.69 23 
i 

S chur 

Hartwig 

D o l  I f  us 

Do 11 f u s  

Camichel 

Kuiper 

64'l he l io . ,  GUttingen 

7" he l io . ,  Bamberg 

6" refr., P a r i s  

? , Mt Wilson 

8#" r e f r . ,  P i c  du Midi 

? , Tucson 

6 ?3 8 

6.72 

6.45 

6.54 

6.56 

6.68 

2 1  

8 

22 

23 

24 

24 

Sources 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14 

15. 

16. 

17. 

A.N., 2458. 

2' A.N - 157, 3760, 264, 1901. 

A.N., 156, 257, 1901. 

Ann. Strasbourg,  IV, P a r t  2, 245, 1912. 

- A.N., 234, 153, 1928. 

Leiden Ann., 111, 209, 1872. 

- A.N., 127, 157, 1891. 

Naturforsch. Gese l l . ,  Bamberg, Bericht XXI,  1911. 

Ver8ff .  HeidelberE, 5,  No. 1. 

Bul l .  A s t r . ,  Pa r i s ,  3, 215, 1949; L'Astronomie, - 69, 82, 1955. 

A J 0 ,  - 14, 148, 1894. 

.' A J - 14, 177, 1895. 

-' M N - 75, 31, 1914. 

.' M N 75, 35, 1914. 

Sky and Telescope, 2, 19, 1961. 

A.N., 180, 339, 1909; Ann. A s t r .  Belg. ,  2, Fasc. 1, 1908. 

Union Obs. Circ., - 65, 307, 1925. 

- 
-- 

(Not included i n  19th century compilation.)  

-- 
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Table 3 (Continued) 

18. Publ. Kirkwood Obs., No. 1, Suppl., 1940. 

19. Publ. U.S. Naval Obs., 15, P a r t  2 ,  1942; 20 computed from observed 1 - 
dura t ion  of eg res s  (105 s.). 

20. A J 66, 36, 1961; 20 computed by Ashbrook from observed du ra t ion  1 .' - 
of egress  (118?7 f 0.9 p.e.) .  

21. A.N., 3038. 

22. 

23. Trans. I .A.U. ,  X I  By 242, 1962. 

24. Compt. Rend. Acad. Sci .  , Paris ,  255, 53, 1962. 

- 
L'Astronomie, - 68,  337, 1954. 
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1862 

1865 

1898 
1900 

1903 

1905 

1912--14 

1921 

1924 

1938 

1939 

1940 

1962 

Year bserver  b 
Kaiser 

Kaiser 

Drew 

See 

Wirtr 

U i r t r  

Rabe 

Graff 

Danjon 

Edson 

Muller 

Richter  

Smith 

(17:'lZ) 

... 
17.07 

16.72 

16.97 

(17.27) 

(17.18) 

Table 4 

OPPICAL DUHFXER OF VENUS AT UNIT DISTANCE DERIVED 

FRM MCRMLTER OBSEXVATIONS IN THE MYTIME 

6 28:'--35:' 

... ... 
10 26.--34. 

13  29.--38. 

2 35.--36. 

4 34.--38. 

17 25.--40. 

Mean a l l  va lues  
p.e. (N) 

p.e. (N) 

p.e. (N) 

Mean of s e l e c t e d  va l .  

Mean of r e f j e c t e d  va l  

... 

... 

... 
16.64 

... 

... 

... 

... 

... 
21 

... 

... 

Adopted mean f r a n  
daytime observa t ions  

24", Bergedorf 

ZV', Strasbourg  

24", F l a g s t a f f  

6", Strasbourg 

26", B e r l i n  

12", k s  Cruces 

Super ior  conj. 

F 
F 
P 

D 

F 
P 

16752 
:' 07 

16!'66 
:' 03 

... 

- 
d 

1V.'5 
13.5 

10.5 

... 
11.5 

... 
11. 

... 

... 

... 
10.5 

... 

... 
- - 
11:' 
(6 1 

1> 16:' 5: 
(4) 

... ... 
- - 

Quadrature 

I ,  

I n f e r i o r  con]. 

Z U l  

:17:'07) 

.. 
16.95 

16.88 

.. 
r17.07) 

r17.36) 

r17.22) 

16.69 

16.90 

.. 
L17.17) 

16.97 

17!'03 
y05 

16!'88 
:' 03 

17!'18 
:'04 

d 

5V!--52': 

... 
54. --61. 

51. --58. 

... 
54. --58. 

50. --61. 

56. --62. 

52. --57. 

60. 

... 
55. --58. 

... 
56:' 

3 0 )  

:d1C17:'0) 
(5) 

(5) 
:d1>17:'0) 

- 

Source 

1 

1 

2 

3 

4 

4 

5 

6 

7 

8 

9 

10 

11 - - 

- - 

Plethod -- D: double-image micraoe ter ;  F: f i l a r  micrane ter ;  P: photographs. 

(n): number of days. (N): number of values.  

Sources 

1. Ann. Leiden, 2, 209, 1872. 

2. A. J., 22, 13, 1901. 

3. A., 154, 81, 1900. 

4. Ann. Strasbourg, 5, P a r t  2, 245, 1912. 

5. A&, 230, 153, 1928. 

6 .  M i t t .  Hamburg-Bergedorf, 1, No. 15, 29, 1922. 

7. Ann. S t r a s b m r g ,  1, 307, 1926. 

8. Lunar and Plane tary  Exploration Colloquium, r, No. 5, 22, 1960. 

9. Bull. Astron,, P a r i s ,  l4, 215, 1949. 

10. A. N., 274, 119, 1943. 

11. A d ,  68, 544, 1963. 
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5 

Trans i t  

Double-image micrometer meas. 

176 1 

... 
1769 

... 
1761--69 

6 

6 

Mean of 

Timing of con tac t s  (17 observ.)  

Heliometer,  cor rec ted  (9 observ.)  

1874 

1874-- 82 

... 

Table 5 

OPTICAL DIAMETER OF VENUS AT U N I T  DISTANCE 

DERIVED FROM TRANSIT OBSERVATIONS 

Au tho r 

Wurm 

Encke 

Wurm 

Fer re r  

Powa lky 

8th centu 

Tenant 

Auwers 

Auwers 

3ourcc Method 

22 sets of micrometer meas. 

Timings of con tac t s  

8 sets of micrometer meas. 

Timing of c o n t a c t s ,  15 s t a t i o n s  

General d i scuss ion  

~ ~~ ~ 

Mean of 19th century t r a n s i t s  
~ 

Mean of a l l  t r a n s i t s  

Sources 

1. Ber l ine r  A s t r .  Jahrbuch,  167, 1807. 
2. D i e  Entfernung d e r  Sonne, Gotha, 1824. 

3. Mem. R.A.S., - 5, 281, 1833. 
4. A.N.,  N r .  1841, 1871. 

5. A.N.,  35, 347, 1875. 
6. - A.N., N r .  3068, 1891; 3214, 1894. 

- 
- -  

201 

16 !I954 

16.611 

16.810 

16.676 

16.918 

16'!815 
- 

16 !I903 

16.85 

16.820 

16!'849 

16 !I83 0 
f. 030 
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T a b l e  6 

APPARENT POTAR DIAMETER OF MARS AT UNIT DISTANCE FROM 

HELIOMETER AND DOUBLE- IMAGE MICROMETER MEASUREMENTS 
CORRECTED FOR ASSUMED CONSTANT ERROR 

Y e a r s  

1813 

1811--47 

183 0- -3 7 

1862--65 

1862--63 

1877--78 

187 9- - 80 

1890--1909 

U n w e i g h t e  

I n t  e rpo la 

A u t h o r  

A r a g o  (Hartwig) 

A r a g o  (Hartwig) 

B e s s e l  (Oudemans: 

Kaiser (Hartwig) 

Main (Hartwig) 

H a r t w i g  (1879) 

H a r t w i g  (1899) 

H a r t w i g  (1911) 

~ ~~ 

m e a n  

!d for  c = 0 

Method 

R o c h o n ' s  mic rom.  , 
Paris 

R o c h o n ' s  m i c r o m .  , 
P a r i s  (6On) 

H e l i o m .  , 
KUn i g  s b e rg  

A i r y ' s  m i c r o m .  , 
7" Leiden 

H e l i o m .  , 
O x f o r d  

3" h e l i o m . ,  
Strasbourg (34n) 

3" h e l i o m . ,  
Strasbourg (28n) 

Heliom. , 
Bamberg (15n) 

d;' 

9?167 

9.311 

9.342* 

9.375 

9 404 

9.300 

9.511 

9.318 

p.e. 

!1049 

... 

.019 

.013 

036 

.022 

.063 

.028 

- 2 9!'34 ?02 

1 1 * 
Mean diameter ,  9!'328, c = -0!'027 f 0!'035 

Sources: A.S., 2, 145, 1895; A.N., 234, 162, 1928. 

C 

4?157 

... 
-0.043 

4 . 0 6 3  

-0 544 

-0.107 

-0.306 

0. 

- 
p.e. 
- 
!1094 

... 

.070 

.021 

070 

050 

.099 

... 
- - 
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Year Author I n s  t r m e n  t 

Table  7 

APPARENT POLAR DIAMETER OF DISK OF MARS AT UNIT DISTANCE 

a 
d d'; p.e. C p.e. ti E 

d o  

1906 - -09 W i r  t z  19", S t rasbourg  

1914--16 Rabe 8", Bres lau  
(b r igh t  f i e l d )  

(dark f i e l d )  
1926--27 Rabe 8", Bres lau  

4'!--25'! 9'!634 '!022 

6.--14. 9.439 .128 

4.5--21. 9.433 .038 

+0'!117 

+0.504 

+0.212 

"038 1 1 

.132 1 2 

,051  2 2 

1896--99 

1890-- 

1948 

1954--58 

1909 

23. --25. 

16. --25. 

21. --25. 

21. --25. 

6. --25. 

4.5-24. 

t 

Schur 6%",hel. ,Gottingen 14. - 4 7 .  9.35 .02 ... ... ... 
Hartwig Helio. ,Bamberg 11.--23. 9.318 .019 ... ... ... 
Muller 6", S t rasbourg  13. --14. 9.29 .04 ... ... ... 
Dol l fus  24",Pic du Midi 19.--25. 9.31 (.03) . .. ... 3 

(near oppos. only) 

9.32 

(9.26) ... 
9.48 

9.44 .07 

1924 Wright 

1924 Trumpler 

1924 Trumpler 

1924 Van de Kamp 

1924--27 Van de Karnp 

1934--39 Reuyl 

... 
-0.328 . l o 8  

-0.26 

36" r e f l . ,  Lick 

36" r e f r . ,  Lick 

36" r e f r . ,  Lick 

26"refr.  ,McCormick 

26" r e f r . ,  I t  

26" re f r  . , I t  

- 
3 

4 

5 

6 

- 

1941--50 

'ii 
Camichel 15','24" P i c  du Midi 14.--22. 9.22 .01 ... ... ... 12 ,  

(near oppos. only) 13 
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6 .  Preferred solution. 

7 .  Preliminary; range from 9719 (13 underexposed images) t o  9'131 (9 
overexposed images); superseded by source 9. 

Sources 

1. Ann. . Stras bourq, I V ,  Part 2, 250, 1912. 

2. A. N . ,  Nr. 5600-01, 162, 1928. 

3. M. N,, 3, 330, 1899. 
4. Natudorsch. Ges e l l . ,  Bamberg, XXI, 1911. 

5. L'Astrom ie ,  u, 201, 1948. 
6 .  C m p t .  Rend. Acad. S c i . ,  Paris, a, 2229, 1962- 
7. Lick Obs. B u l l . ,  JJ, Nr. 366, 54, 1925. 

8. Lick Obs. Bu ll., JJ, Nr. 387, 27, 1927. 
9. Pub. A. S. P,, x, 261, 1925. 
10. A. J,, 18, Nr. 894, 61, 1928. 

11. A. - J., 49, Nr. 1136, 125, 1941. 
12. Bull, Astr. ,  Paris, u, 83, 1954. 
13. Bull. Astr., Paris, 20, 131, 1956. 

I 
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A u t h o r  T i m e  P e r i o d  (4 20; 

Muller 1948 (4n) 9!'29 

Schur 1896--99 (7n) 9.35 

H a r t w i g  1890--1909 ( 1 5 4  9.32 

D o l l f u s  1954--58 ( 6 4  9.31 

D o u b l e  image (c = 0) 9!'305 
P h o t o g r a p h i c  (c = 0) 9.32 

Weighted mean 9!'3 15 

T a b l e  8a 

p . e .  W 

&!i04 % 
.02 % 
.02 1 

.03 1 

!'O 2 2 
.02 2 

!'O 10 
A 

BEST DETERMINATIONS OF APPARENT POTAR DIAMETER OF MARS 

T a b l e  8b 

BEST DETERMINATIONS OF APPARENT EQUATORIAL DIAMETER OF MARS 

A u t h o r  

Doug  lass 

H a r t w i g  

Ha rtw i g  

Muller 

T r u m p l e r  

C a m i c h e l  

D o  1 If us 

Time P e r i o d  

1894 
1879 

1890--1909 

1948 

1924 
1941--50 

1954-- 58 

Weighted mean I 9'2415 
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Year 

Table 9 

APPARENT OPTICAL FLATTFNING OF DISK OF MARS 

FR(M PIWsURlXENTS MADE NEAR OPPOSITION 

I n* Author Instruinent 

17.--20. 

... 
16. --17. 
14.--15. 

d f 

iicraaeter 

... ... 

aueter 

9.U5 0.0086 .0015 ... 6 

9.41 0.0096 ... ... 7 

9.524 (0.0215) .0017 . . . 8 
9.563 (0.0187) .0015 .. . 9 

1948 
1954 
19% 

1958 

Muller 6" refr., Strasbourg 4 13. --14. 9.43 0.015 .003 ... 10 
Dollfus 24" refr., Pic du Midi 2 22. 9.395 0.0118 ... ... 11 

Dollfus 24" refr., Pic du Midi 2 25. 9.47 0.0117 11 

0.0116 1 1:: 1::: I 11 Dollfus 24" refr., Pic du Midi 2 19. 9.43 

1924 Truinpler 36" refr., Lick 14 21.--25. 9.41 0.0094 .OW7 

5. Microphotometer on photographs (yellow) 

4Opl 12 

Camichel 
Camichel 

Camichel 
Camichel 

1950 Camichel 

~ 15" refr., Pic du Midi1 ; 
15" refr., Pic du Midi 2 
24" refr., Pic du Midi 2 

24" refr., Pic du Midi 
24" refr., Pic du Midi 

0.016 
0.012 
0.013 

14. 9.24 0.004 

14. 9.29 0.012 

n = number of nights 

Remarks 

1. Recomputed from published diameters. 

2. Barnard's value f = 0.0091. 

3. For period closest to opposition @ct. 1894, mean phase angle i = 4'); corrected for O"125 irradiation 
on d; Lwell's value f = 0.0052 involves doubtful corrections for phase effect attributed to "twilight 
arc". 

4. Phase defect < C'!30. 

Sources 
1. UJ., l2, Nr. 282, 139, 1892. 
2. u, ll, Nr. 403,  145, 1897. 

3. Pou. Astron., 2, 287, 1896; Ann. Lave11 Obs,, r, 59, 1898. 
4. Astronomy and Astroohvsics, 1, 675, 1894. 
5. Ann. Strasbourg, IV, Part 2, 252, 1912. 
6. A., 3, Nr. 3494, 320, 1899. 

7. Naturforsch. Gesell,, Bamberg, XXI, 1911. 

8. M A N . ,  67, 150, 1897; &, Nr. 3405. 

9. u, 69, 330, 1899. 

10. L'Astronomie, 6 2 ,  201, 1948. 

11. Canpt. Rend. Acad. Sci., Paris, 255, 2229, 1962. 
12. Lick Obs. Bull., l3, Nr. 387, 26, 1927. 

13. Bull. Astr,, Paris, l8, 83, 1954, 



-106- 

Year Author  I n s t r u m e n t  d I 

T a b l e  1 0  

APPARENT EQUATORIAL AND POLAR DIAMETERS 

OF GLOBE OF MARS AT UNIT DISTANCE 

d i  d'; em.  Source 

1894--95 

1901 

1. F i l a r  micrometer  (dayt ime)  1 . 1  
Campbell 36" r e f r .  (15"), L i c k  4'!4--20'!2 . . . 

106 meas., 3 1  d. 

S e e  26" r e f r . ,  Washington 6. ... 
69 meas., 8 d. 

1937--38 Mul l e r  6" r e f r . ,  S t r a s b o u r g  4.--6.5 
1 5  m e a s .  

f. 013 

1 ... 9.00 ... w=z 3 
f .  1 0  

2. Double-image m i c r m e t e r  (dayt ime)  

W i r t z  

Trumpler  

Camichel  

Camichel 

Camichel 

Camichel 

Camichel 

Camichel 

20" r e f r . ,  S t r a s b o u r g  ( v i s . )  
3t2  meas., 2 s p o t s  

36" r e f r . ,  L i c k  (photo.)  
1409 obs., 192 p o i n t s  

15" r e f r . ,  P i c  du Mid i  (pho to . )  
20 meas., 1 s p o t  

15" r e f r . ,  P i c  du Midi  
3 meas., 1 s p o t  

15" 24" r e f r . ,  P i c  du Midi 
13 meas., 1 s p o t  

24" r e f r . ,  P i c  du Midi  
11 meas., 2 s p o t s  

24" r e f r . ,  P i c  du Midi  
11 + 9 meas., 2 s p o t s  

24" r e f r . ,  P i c  du Midi  
19 + 16 meas. ,  2 s p o t s  

21. - -25 .  I 1924 1 Trumpler  I 36" r e f r . ,  L i c k  
40  i m . ,  1 9  p l . ,  1 3  n. 

... 

... 

... 

... 

... 

91'33 1 9 .24  I .0098 1 3 I 4 
f . 0 2  f . 0 2  f . 0 0 1 1  

5 

5 

5 

5 

6 

1909 

1924 

1941 

1943 

1946 

1948 

1950 

1954 

Unweighted mean 
(n ) 

4. S u r f a c e  mark ings  

9:'275 9:'182 
(8) 

21. --25. 

16. - - 2 5 .  

22.5 

17.  

15. 

14. 

14. 

21. 

9.122 
f . 0 7 1  

9.178 *. 014 

9.48 
i. 026 

9 .40  
f.042 

9.20 
f. 061 

9.26 
5 .028  

9 .23  
f . 0 6 3  

9.466 
f .  028 

... 
9.074 

... 

... 

... 

... 
9.30 
f. 016 

... 

L. 0048 

... 1 7 

- 
5 

4 

6 

6 

6 

6 

6 

7 

- 

Weighted mean 
(W ) 

Remarks S o u r c e s  

1. d" de r ived  f r a n  c u s p s '  d i a m e t e r s  w i t h  f- '  = 219. 

2. d" de r ived  from c u s p s '  d i a m e t e r s  w i t h  f- '  = 200. 

3. A = 6000 A, limb s e t t i n g s .  3. B u l l .  A s t r . ,  P a r i s ,  14, 215, 1949. 

4. S y r t i s  Major  and S i n u s  M e r i d i a n i .  

5. d '  by path of  J u v e n t a e  Fons. 

6. d i  by pa ths  of Oxia P a l u s  and I smen ius  Lacus ;  

7. d i  by pa ths  of Oxia P a l u s  and  J u v e n t a e  Fons; 

1. A A ,  l5, N r .  354, 145, 1895. 

2. u, 157, N r .  3750, 97, 1901. 
1 

1 

4. L i c k  Obs. B u l l . ,  13, N r .  387, 27, 1927. 

5. Ann. S t r a s b o u r g ,  H, P a r t  2, 250, 1912. 

6. B u l l .  As t r , ,  P a r i s ,  E, 83, 1954. 

7. B u l l .  A s t r . ,  P a r i s ,  0, 131, 1956. 

1 

d" 1 by North P o l a r  Cap. 

not i n c l u d e d  in means. 
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T a b l e  11 

i 
- 

O0 

10 

20 

30 

40 
c n  

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

16 0 

170 

AU 

- 
9 

VISUAL PHASE EUNCTIONS OF MERCURY (AFTER DANJON) 
AND THE I@ON (AFTER ROUGIER) 

Am 

0.00 

0.35 

0.67 

0.95 

1.21 

1.4? 
1.73 

2.01 

2.32 

2.67 

3.07 

3.51 

4.09 

4.72 

5.46 

6.31 

(7.28) 

(8.40) 

- 

2.204 ( 50°) 

Mercury 

1.000 
0.721 

0.541 

0.417 

0.328 

0.258 

0.204 

0.157 

0.118 

0.0858 

0.0592 

0.0394 

0.0232 

0.0129 

0.00656 

0.00300 

(0.00123) 

(0.00044) 

Z(i)sin i 

0.000 

0.125 

0.185 

0.209 

0.211 

e. 198 

0.177 

0.148 

0.116 

0.0858 

0.0583 

0.0370 

0.0201 

0.0099 

0.0041 

0.0015 

0.0004 

0.0001 

0.560 

0.568 

1.000 

0.733 

0.573 

0.473 

0.410 

0,364 

0.333 

0.309 

0.289 

0.269 

0.251 

0.236 

0.215 

0.198 

0.193 

0.200 

(0.273) 

(0.674) 

Am 

0.00 

0.30 

0.56 

0.85 

1.13 

1.40 

1.69 

2.00 

2.35 

2.74 

3.11 

3.52 

3.98 

4.52 

5.11 

5.89 

(7.16) 

(8.80) - 

1.000 

0.773 

0.595 

0.459 

0.353 

0.274 

0.211 

0.158 

0.115 

0.080 

0.057 

0.039 

0.0255 

0.0155 

0.009 

0.0044 

(0.0014: 

(0.0003: 

Moon 

4 ( i ) s i n  i 

1.000 

0.135 

0.204 

0.230 

0.227 

0.210 

0.183 

0.149 

0.113 

0.080 

0.0561 

0.0367 

0.0221 

0.0119 

0.0058 

0.0022 

0 0005 

0.0001 

0.584 

0.603 

1 . 000 

0.785 

0.630 

0.521 

0.441 

0.387 

0 346 

0.312 

0.282 

0.252 

0.242 

0.235 

0.234 

0.238 

0.265 

0.293 

(0 3 )  

(0.3) 
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T a b l e  12 

VISUAL ALBEDOS OF TERRESTRIAL PLANETS FOR ms = -26.81 

Mercury 

3!'365 

61,297 

9.575 

-0.42 

26.39 

10.556 

-0.981 

0.104 

0.560 

0.058 

V e n u s  
- 

8!'44 

24,439 

8.776 

-4  40 

22.41 

8.964 

-0.188 

0 650 

1.087 

0.705 

Mars 

4!'6 82 

44,055 

9.288 

-1.52 

25.29 

10.116 

-0.828 

0.149 

1.07 

0.159 
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U 

T a b l e  13 

B V R I 

SPECTRAL REFLECTIVITY OF MERCURY 

... 
(0.72?) 

N.61 

0.053? 

Band 

N. 97 . 00 -0 85 -1.37 

4.34 . 00 -0 40 -0.63 

4.29 00 -0 35 -0.52 

0.076 0.104 0.150 0.186 

-4.16 

-.* 0 

... 
-4.27 

-4.76 

-4 40 

-3.44 (1.194) 

... 1.078 

-3.50 ... 
-3.71 1.296 

-3.69 0.888 

-3.58 1.087 

Table 14 

REDUCED VISUAL M4GNI'IUDES* OF VENUS AT PHASE ANGLES Oo AND 50° 

A u t h o r  

Muller 

Muller 

K i n g  

D a n  j on 

K n u c k l e s ,  et al. 

A d o p t e d  

Y e a r  

1893 

1926 

1919 

1949 

196 1 

9 

* 
RA = 1. 
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i 

T a b l e  15 

ADOPTED VISUAL PHASE FUNCTION OF VENUS 

O0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

180 - 
Q 
2. 20@(50°) 

0.00 

0.14 

0.29 

0.45 

0.63 

0.82 

1.03 

1.25 

1.48 

1.72 

1.97 

2.22 

2.48 

2.77 

3.06 

3.39 

3.72 

4.11 

4.50 

log Io/I 

0.000 

0 056 

0.116 

0.180 

0.252 

0.328 

0.412 

0.500 

0.592 

0.688 

0.788 

0.888 

0.992 

1.108 

1.224 

1.356 

1.488 

1.644 

1.80 

1.000 

0.880 

0.765 

0.660 

0.560 

0.470 

0.387 

0.316 

0.256 

0.205 

0.163 

0.129 

0.102 

0.078 

0.060 

0.044 

0.0325 

0. 0225 

0.016 

1.087 

1.035 

+ ( i ) s i n  i 

1.000 

0.153 

0.262 

0.330 

0.360 

0.360 

0.335 

0.297 

0.252 

0.205 

0.160 

0.121 

0.088 

0.060 

0.039 

0.022 

0.011 

0.004 

0.000 

@/ @o 

1.000 

0.894 

0.810 

0.750 

0.700 

0.664 

0.635 

0.620 

0.626 

0.645 

0.690 

0.780 

0.935 

1.20 

1.77 

2.94 

7.2 

34.6 

... 
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Source V1(0)  

ZUllner (vis.) -1.59 

Muller (vis.) -1.44 

I 1  -1.48 

11 -1.57 

11 -1.55 

I 1  

Y e a r  Ref.  

1 

2 

2 

2 

2 

1 864- - 6 5 

1877--7 8 

187 9-- 80 

1881-- 82 

1883--84 

1886 

1888-- 89 

Table 16 

REDUCED VISUAL MAGNITUDES OF MARS (i = oo, RA = 1); 

AFTER HARRIS, 1961* 

* 
Except l a s t  entry. 

References 

Y e a r  

1916 

1918 

1920- 21 

1922 

1952 

1954 

1958 

1. ZUllner, 1865. 

2. Muller, 1893. 

3. King, 1917, 1919, 1923. 

4. Kuiper and Harris, 1961. 

5. Johnson and Gardiner, 1955, giv-  -1.49. 

6. d e  Vaucouleurs, 1%0. 

Source 
~ ~ 

King (PV) 

11 

11 

11 

McDonald Obs. (Pe) 

b e l l  Obs. (Pe) 

b e l l  Obs. (Pe) 

V1 ( 0 )  

-1.52 

-1.51 

-1.45 

-1.56 

-1.56 

-1.51 

-1.56 

- 
lef. 
- 

3 

3 

3 

3 

4 

5 

6 - 
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i 

O0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

16 0 

170 

Table 17 

ADOPTED VISUAL FUNCTIONS OF MARS AM> THE EARTH* 

Am 

0.00 

0.15 

0.30 

0.45 

0.60 

(0.79) 

(0.99) 

(1.20) 

(1.43) 

(1.70) 

(2.01) 

(2.34) 

(2.69) 

(3.09) 

(3.55) 

(4.05) 

(4.56) 

(5.1) 

2.20@(50°) 

* 
After Danjon. 

Mars 

1.000 

0.871 

0.758 

0.661 

0.576 

(0.482) 

(0.403) 

(0.33 2) 

(0.268) 

(0.208) 

(0.158) 

(0.116) 

(0.084) 

(0.058) 

(0.038) 

(0.024) 

(0.015) 

(0.009) 

1.076 

1 060 

Q ( i ) s i n  i 

1.000 

0.152 

0.259 

0.330 

0.370 

(0.369) 

(0.349) 

(0.3 12) 

(0.264) 

(0.208) 

(0.156) 

(0.109) 

(0.073) 

(0.044) 

(0.024) 

(0.012) 

(0.005) 

(0.002) 

@h0 

1.000 

0.884 

0.804 

0.750 

0.720 

(0.680) 

(0.682) 

(0.653) 

(0.654) 

(0.655) 

(0.670) 

(0.700) 

(0.766) 

(0.885) 

(1.13) 

(1.62) 

(3.32) 

(13.4) 

E a r t h  

1.000 

0.885 

0.779 

0.679 

0.586 

0.497 

0.416 

0.342 

0.274 

0.214 

0.163 

0.120 

0 086 

0.059 

0 040 

0.025 

0.015 

0.009 

1.100 

1.091 
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Table 18 

MlNOCHROMATIC MAGNITUDES y(0) OF MARS* 

1 Mount Stromlo I Flagstaff McDona Id 



-114- 

Band 

e h 

0 m 

m 
S 

m - m  o s  

P 

a 

9 

A 

U' 

0.33 

4.39 

-26.18 

26.57 

4"70? 

0.045 

0.018? 

0.94? 

0.042? 

Table 19 

SPECTRAL ALBEDOS OF MARS 

U 

0.355 

4.44 

-26.04 

26.48 

4"70 

0.049 

0.018 

0.94 

0.046 

B 

0 450 

-0.19 

-26.18 

25.99 

4"70 

0.077 

0.018 

0.94 

0.072 

V 
0.555 

-1.52 

-26.81 

25.29 

4"6 8 

0.149 

0.015 

1.07 

0.159 

R' 

0.69 

-2.50 

-27 -33 

24.83 

4"65 

0.238 

0.012 

1.30 

0.308 

R 

0.70 

-2.64 

-27.26 

24.62 

4"6 5 

0.279 

0.012 

1.30 

0.363 

I 
0.82 

-3.02 

-27.55 

24.53 

4% 2? 

0.306 

0.012? 

1.30? 

0.398? 
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U 
S 

0.0013 

0.0026 

0.0015 

Table 20a 

COMPONENTS OF RADIOMETRIC ALBEDO OF 

si Case Case 

I ... 1 0.349 

2 0.187 

3 0.262 
I1 ... 
4 0.087 4 0.2375 

I 

4 

If 

U 

Case 

0.312 0.197 

... ... 
0.313 0.198 

A 

... 
B 

C 

9" 

1 169 

... 
1.251 

1.303 

Table 20b 

LIMITS AND PROBABLE VALUE OF RADIOMETRIC ALBEDO p* OF MARS 

si 

I Case 

3 

0.244 

... 
0.245 

4 

0.233 

jo.2331 
0.234 

I I 
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